THE SPRING MEETING AT CHICAGO. 


SPRING MEETING OF THE SOCIETY AT CHICAGO. 


Tue thirty-third regular meeting of the Chicago Section 
of the American Mathematical Society was held at the Uni- 
versity of Chicago on Friday and Saturday, April 10-11, 1914, 
it being the second regular meeting of the Society at Chicago. 
Seventy-four persons were in attendance upon the sessions, 
including the following forty-seven members of the Society: 
Professor R. P. Baker, Professor G. A. Bliss, Professor D. F. 
Campbell, Professor R. D. Carmichael, Dr. E. W. Chittenden, 
Mr. E. H. Clarke, Professor H. E. Cobb, Professor A. R. 
Crathorne, Professor D. R. Curtiss, Professor L. E. Dickson, 
Mr. C. R. Dines, Professor Arnold Dresden, Mr. M. G. Gaba, 
Professor E. R. Hedrick, Dr. T. H. Hildebrandt, Mr. L. A. 
Hopkins, Professor A. M. Kenyon, Professor W. C. Krathwohl, 
Dr. Charles Kuschke, Professor Kurt Laves, Professor A. C. 
Lunn, Professor W. D. MacMillan, Dr. H. F. MacNeish, 
Professor H. W. March, Mr. T. E. Mason, Professor G. A. 
Miller, Professor C. N. Moore, Professor E. H. Moore, 
Professor E. J. Moulton, Professor F. R. Moulton, Miss Ida 
M. Schottenfels, Mr. A. R. Schweitzer, Professor J. B. Shaw, 
Professor Mary E. Sinclair, Professor C. H. Sisam, Professor 
E. B. Skinner, Professor H. E. Slaught, Dr. E. B. Stouffer, 
Professor A. L. Underhill, Dr. G. E. Wahlin, Miss Mary E. 
Wells, Mr. C. W. Wester, Professor W. D. A. Westfall, 
Professor E. J. Wilezynski, Professor F. B. Wiley, Professor 
J. W. A. Young, Professor A. Ziwet. 

Professor E. J. Wilczynski, Chairman of the Section and 
Vice-President of the Society, presided during the first three 
sessions and Professor G. A. Miller at the final session. 

At the business meeting of the Section on Saturday morning 
it was voted that the program committee be instructed to set 
the date for the December meeting at such a time as not to 
conflict either with the annual meeting of the Society in New 
York or with the convocation of the American Association at 
Philadelphia, in order that members desiring to attend all 
three meetings may be free to do so. 

General interest was manifested in the recent appeals of the 
Euler Commission for additional contributions and it was 
voted that the Section urge the desirability of further sup- 
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porting in every practicable way the Euler publications. It 
may not be generally understood that only two of these vol- 
umes are appearing each year, so that the total annual cost 
of purchase is only about ten dollars. 

In consequence of extended informal discussion begun at the 
dinner on Friday evening, it was voted that a committee of 
five be appointed by the chair to report to the Section at the 
December meeting, concerning possible recommendations to 
the Council of the Society on the question of the relation 
of the Society to the field now covered by the American Mathe- 
matical Monthly. The chair appointed as this committee 
Professors Alexander Ziwet, G. A. Miller, E. B. Van Vleck, 
E. R. Hedrick, and R. P. Baker. 

The usual social gathering and dinner on Friday evening 
was attended by forty-two members and was pronounced by 
many to be the most enjoyable ever held by the Section. 

The following papers were presented at this meeting: 

(1) Mr. T. E. Mason: “On some properties of the elemen- 
tary symmetric functions of the integers 1, 2, ---, m — 1.” 

(2) Professor R. D. CarmicHaEL and Mr. T. E. Mason: 
“Note on the roots of algebraic equations.” 

(3) Dr. G. E. Want: “The logarithms of algebraic 
numbers in a domain k(p, @).” 

(4) Professor T. E. McKinney: “Some properties of )- 
developments of quadratic irrationalities.” 

(5) Mr. Epwarp Krircuer: “Group properties of the 
residue classes of certain Kronecker modular systems” 
(preliminary report). 

(6) Professor G. A. Miter: “Note on multiply transitive 
solvable substitution groups.” 

(7) Professor G. A. Buss: “A note on symmetrical ma- 
trices.” 

(8) Mr. A. R. Scuwerrzer: “The aims and methods of 
mathematical research ” (preliminary report). 

(9) Professor A. B. Frizeiu: “On a certain series of non- 
denumerable sets.” 

(10) Dr. Henry BiumsBere: “Certain general properties 
of functions.” 

(11) Dr. T. H. HrtpEsrannpt: “Note on monotoneity in 
continuous functions.” 

(12) Professors E. R. Heprick and W. D. A. WESTFALL: 
“On functions defined implicitly in a region.” 
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(13) Mr. W. L. Hart: “Determination of the coefficients 
of a trigonometric series.” 

(14) Professor C. N. Moore: “On the relation between 
certain methods for summing divergent series.’ 

(15) Professor A. M. Kenyon: “The solution of a certain 
functional equation analogous to Fredholm’s integral equa- 
tion.” 

(16) Mr. A. R. Scnwerrzer: “On certain functional equa- 
tions.” 

(17) Dr. E. B. Srourrer: “On ruled surfaces in space of 
five or less dimensions.” 

(18) Professor E. J. Witczynsx1: “On the metrical theory 
of plane curves.” 

(19) Professor W. D. MacMiian: “On certain analytic 
differential equations of the first order.” 

(20) Professor W. D. MacMitian: “A reduction of certain 
analytic differential equations to differential equations of an 
algebraic type. Second paper.” 

(21) Mr. T. E. Mason: “On properties of the solutions of 
linear q-difference equations with entire function coefficients.” 

(22) Professor F. R. Movutron: “On the stability of 
Jupiter’s eighth satellite.” 

(23) Professor F. Casort: “British discussions of Zeno’s 
argumentation on motion.” 

(24) Professor A. D. PrrcHer and Dr. E. W. Currrenpen: 
“A theory of integration for classes which admit a develop- 
ment.” 

(25) Dr. E. W. CurrrenpEen: “On the converse of the 
Heine-Borel theorem in domains for which ‘limiting element’ 
is defined.” 

(26) Professor R. P. Baker: “On reflexion groups.” 

(27) Professor R. P. Baker: “On Cayley diagrams.” 

(28) Professor L. E. Dickson: “On the twenty-eight 
bitangents to a quartic curve.” 

(29) Mr. A. R. Scuwerrzer: “Generalization of certain 
functional equations.” 

Mr. Hart was introduced by Professor F. R. Moulton and 
Mr. Kircher by Professor G. A. Miller. The papers of 
Professors McKinney, Frizell, Wilczynski, Dr. Blumberg, 
and the first and third papers of Mr. Schweitzer were read by 
title. 

Abstracts of the papers follow, the numbers corresponding 
to those of the titles above. 
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1. A well-known property of the elementary symmetric 
functions A; of the integers 1, 2, ---, p— 1 is that each is 
divisible by p, when p is prime, except Ap.1. Mr. Mason 
shows that those A’s with odd subscripts are divisible by p* 
except A;. This property enables him to prove the following 
congruence for p a prime > 3 and n an integer: 


(np)! — n\(p!)"=0 (mod 


These properties of divisibility by p of the elementary sym- 
metric functions enable him to obtain properties concerned with 
the divisibility by p of the sums of powers of the integers 1, 
---,p—1. These properties of the sums of powers furnish 
theoretical but impracticable tests for prime numbers and 
for determining the least prime factor of a given number. 


2. This note by Professor Carmichael and Mr. Mason con- 
tains several theorems concerning the zeros of polynomials, of 
which the following is typical: Every equation of the form 


+ + --- =0 (s 21), 


has at least one root not greater than 2 in absolute value, while 
special equations of this form may have all roots but one greater 
in absolute value than any preassigned M. 


3. In his recent book Professor Hensel has developed a 
theory of logarithms of the rational p-adic numbers, and 
from this he has shown how all such numbers can be written 
in the form p*w*e". 

Dr. Wahlin’s paper is the result of the study of the same 
question with reference to the general algebraic domain 
k(p, a). He proves the existence of the logarithms of the 
numbers of k(p, a), and by considering certain group properties 
of the residues mod p*, where p* is a certain power of the prime 
divisor p, the exponent being dependent upon certain prop- 
erties of k(p, a), he shows how we can have a representation 
of all numbers in k(p, a) similar to that obtained by Professor 
Hensel. 


4. This note by Professor McKinney proves the periodic 
character of the A-developments of quadratic irrationalities 
and determines an upper limit to the number of elements in 
the period. It shows that the \-developments of the square 


— 
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roots of rational numbers are periodic with one and but one 
element preceding the period, and notes some further properties 
of these developments. 


5. In this paper Mr. Kircher studies some of the group 
properties of the residue classes belonging to a Kronecker 
modular system of the form M = (y, m), where m is an 
ideal of the algebraic number domain © of degree n and y 
is a rational integral function of x whose coefficients are 
algebraic integers of 2, the one belonging to the highest power 
of x being equal to unity. A necessary and sufficient condi- 
tion that a set of residue classes form a group with respect to 
the modular system M = M’M” is found to be that all classes 
of the set must be contained in the modular system M” and 
must be relatively prime to the system M’. The second general 
result states that such a group belonging to M is equal to the 
direct product of the groups formed when the set of residue 
classes is taken with respect to each of the irreducible modular 
divisors of M. From these facts follow at once a number of 
generalizations, with respect to the modular system M, of 
well-known theorems in number theory, such as those dealing 
with the value of the totient of M or the solution of a con- 
gruence of the first degree in one unknown, modulo M. 


6. Galois observed that a primitive substitution group 
cannot be solvable unless its degree is a power of some prime 
number. In fact, it is known that a solvable primitive sub- 
stitution group is a subgroup of the holomorph of a regular 
abelian substitution group of order p” and of type (1, 1,1, ---). 
From this it results at once that such a group cannot be more 
than doubly transitive when p> 2. When p= 2 this 
group can be more than doubly transitive, since the sym- 
metric group of degree 4 is solvable. Professor Miller proved 
that this symmetric group is the only solvable substitution 
group which is more than doubly transitive. The proof was 
partly based on the fact that a number of the form 2” — 1 
cannot be a power, higher than the first, of any prime number. 


7. In a recent paper Dickson has given an elegant and ele- 
mentary proof of the theorem that in a symmetric matrix of 
rank r at least one principal minor of order r is not zero. 
Wedderburn deduced the same result by proving, in a less 


& 
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elementary though very concise manner, that under the same 
circumstances the sum of the principal minors does not vanish. 
The purpose of the note by Professor Bliss is to exhibit a 
theorem, provable in elementary fashion, which includes both 
of the results just mentioned and which sets forth quite clearly 
some further properties of symmetric matrices. 


8. In Mr. Schweitzer’s paper the following four typical 
research acts in mathematics are considered: (1) generalization 
under discrimination of terms; (2) discrimination under gen- 
eralization; (3) generalization under identification; (4) identi- 
fication under generalization. It is important to note that 
these acts are not mutually exclusive, and that the generaliza- 
tion in question may be either intensive or extensive. Ex- 
amples illustrating each case are given. 


9. In a paper read at Chicago in December, 1913, Professor 
Frjzell called attention to a non-denumerable well-ordered 
set obtained by methods different from those employed in 
forming Cantor’s second ordinal class. The present paper 
exhibits an w-series of well-ordered sets which can be put 
into one-to-one correspondence neither with one another nor 
with the continuum. The process used here is more direct 
than that of the writer’s December paper and, like it, is due to 
Cantor. 


10. Sierpinski has shown that for any bounded function 


f(x) the relation 
wwuf(z) = wwf (x) 


holds, where wf(x) represents the oscillation of f(x) at the 
point z. Let w’f(x) denote the oscillation of f(x) when 
any set of the first category may be neglected (cf., for example, 
Baire, Acta Mathematica, volume 30 (1906), page 22); and let 
waf(x) denote the oscillation of f(z) when any denumerable 
set may be neglected. Dr. Blumberg proves the following 
relations: 


w'w'w'f(z) = 0, wawawawaf(r) = wawawaf(z). 


He shows by examples that the inequalities 
+ w'w'f(x), wawawaf(x) + wawaf(x), 
wawawaf (x) + 0 
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are possible. The results may be extended to more general 
cases. 


11. The paper by Dr. Hildebrandt considers some general- 
izations of the theorem of Dini: “ A monotonic sequence of 
continuous functions which converges to a continuous function 
converges uniformly.” 


12. In this paper, Professors Hedrick and Westfall extend 
to any region the results obtained for the neighborhood of a 
point in the paper which they presented at the last summer 
meeting of the Society. It is shown that if the difference 
jacobian satisfies at every point of a region the condition 
prescribed in the previous paper at a fixed point, then con- 
tinuous solutions exist along any path up to a frontier point; 
and that the inverse of a plane transformation, for a convex 
region, exists throughout that regio, under conditions anal- 
ogous to the preceding. 


13. In connection with certain problems in applied mathe- 
matics there arise series of the type 


(1) {®= cos 2ra¢-+ B;sin2zat (a) = 0). 


In particular, the tidal effects of the moon and sun on the 
earth can be expanded in this form. In Professor A. A. 
Michelson’s recent experiment for determining the rigidity 
of the earth by tidal effects, it was necessary to consider the 
determination of the coefficients of this expansion. 

In this paper Mr. Hart considers the problem of finding 
the coefficients of a series of the form (1) when the function 
f(@ is given, for example by observations, and the quantities 
a; are given by theory. Under the hypothesis that D{=?|A,| 
+ |B;| converges, it is shown that 


f(@dt (> 0, chosen arbitrarily), 
0 
1 
A; = 2a; J, if f@® cos 2ratdt (“¢=1,2,---), 
k=2 0 


B; = 2a; [, if f@ sin dt a= 2; 
k=o 


— 
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The hypothesis of this proof is satisfied in the case of the tidal 
effects except possibly for the terms due to the perturbative 
action of the sun on the moon. The expressions for A; and 
B; usually converge rapidly unless there are some other terms 
with large coefficients for which the quantities a; are nearly 
equal to m;a;. 


14. In a memoir of 1908* de la Vallée Poussin introduced 
the following formula for the summation of a divergent series 


n(n — 1) --- (n—k+1) 
tim | w+ (n+ 1)(n+2) --- | 


He further showed that this method of summation is applicable 
for the purpose of summing not only the Fourier’s series of a 
wide class of functions but also any of the successive term by 
term derivatives of these series, at any point where the de- 
rivative of the function exists. It follows then that this 
method will enable us to sum series that would not be sum- 
mable by a Cesdro mean of given order. We are thus led 
to inquire if de la Vallée Poussin’s formula is more general 
than any of Cesaro’s means, i. e., if a series summable (Cr) 
for any r => 0 will be summable by the above formula and 
to the same value. In Professor Moore’s paper this problem 
is considered and the question is answered in the affirmative. 


15. It is the object of this paper to show that the body of 
theorems and formulas which effect the complete solution of 
the Fredholm integral equation 


fla) = w(e) — rf K(e, 


and which are based upon the properties of the definite in- 
tegral apply to the analogous functional equation 


(2) — | | 


f=a 


* “Sur l’approximation des fonctions d’une variable réelle et de leurs 
derivées par des polynémes et des suites limitées de Fourier,” (Bulletin 
de la classe des Sciences de l’ Académie Royale de Belgique, 1908, pp. 193-254). 
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with no further change than the substitution throughout of 
the operator 


x )| for the operator f  )dé. 


This solution, therefore, presents an illustration of the 
general remark that the Fredholm theory does not in fact 
depend upon the special properties of the definite integral, 
but only upon its two general properties: (1) that it is linear, 
and (2) that it reduces a function of two variables to a function 
of one variable; and upon a certain convergerice condition. 

Professor Kenyon further shows that, for all kernels which 
admit continuous second partial derivatives in a certain 
region of the zy-plane containing the point (a, a), the Fredholm 
determinant D(A) and its first and second minors are poly- 
nomials in \ of degree not greater than 2, 3, 4 respectively; 
consequently, the index of a characteristic constant can not 
in any case exceed two. 


16. Mr. Schweitzer discusses the solution of the equations 
¥{O(x) — O(y)} = — y)}*, 
Wi{O1(x) + O1(y) + = + — y)}* 


where k, c and c; are constants, ¥(x) and ¥(x) are given func- 
tions, and 6;(x) and @(x) are to be determined. 


_ 17. In a previous paper Dr. Stouffer has investigated the 
projective differential properties of a three-spread generated 
by a single infinity of planes in S; by means of a system of three 
linear homogeneous differential equations of the second order. 
In the present paper he uses the same system for the study of 
ruled surfaces in S;. The ruled surface may be of the general 
type or it may lie entirely in an S; or in an S, or have three 
consecutive generators in the same S,. Certain invariant 
conditions upon the coefficients of the system must be satis- 
fied in each of the special cases. The only ruled surfaces ex- 
cluded from the theory are those which are developable in 
the ordinary sense. Several sets of curves upon the surface 
and a number of different types of derivative surfaces are 
discussed. 


= 
= 
= 
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18. The metric theory of plane curves is a far richer field 
than would appear from the presentations of the subject which 
have become classic. The results of Abel Transon in 1841 
have been almost completely ignored by the writers on this 
subject. The more recent important contributions of Cesaro 
are also practically unknown to the general mathematical 
public. The object of Professor Wilczynski’s paper is a 
systematic unified treatment of the whole subject involving, 
besides certain new matters of detail, as its distinctly new 
features the introduction of the notions of projective differ- 
ential geometry into the metric theory. 


19. Consider a differential equation of the first order 


dx 
the right member of which is a convergent power series in z 
with constant coefficients, and in which n is a positive or nega- 
tive integer or zero. It is shown by Professor MacMillan 
that there exists a convergent series 


yt bay? + by? + 


which, substituted in (1), reduces the differential equation 
to the form 

@) 


where c, = 0 if n < 2, while in general c, + 0ifn=>2. If 
n <2 the integration of (2) is immediate. If n= 2 and 
Cn + 0, the substitution 


1 (n — 1) 


reduces the differential equation to the simple form 
dr W-—1’ 

which is independent of n. The solution W —logW=~7 


defines W as a function of r. Writing it W = L(r) and taking 
L’ = dL/dt, the solution of (2) becomes 


y= ( Cn ) 
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The functions Z and L’, which thus play an important réle 
in the theory of the solutions of (1), are studied in detail. 


20. Suppose that we have given a set of differential equations 


dx; 
= Zn) = 1, ---, n) 


and that X,(0, ---, 0) = 0. Suppose further that the func- 
tions X; are analytic in 2, ---, 2, and regular at the point 
%1=-::=2,=0. At the last meeting in Chicago Pro- 
fessor MacMillan showed that if the characteristic equation 
formed from the determinant |0X;/dz;| at the origin has only 
simple roots, then a convergent substitution 


ai = yn) 


exists, whose jacobian |dP;/dy;| does not vanish at the origin, 
and such that the resulting differential equations assume the 
simple form 

dy; 

= AYi, 


where the constants a; are the roots of the characteristic 
equation. This was done on the assumption that the constants 
a; considered as points in the complex plane all lie on one side 
of a straight line through the origin, and further that there 
exists no set of integers j1, ---, jn for which j; + jo+ --- 
+ jn = 2 and such that + + 0. 

In the present paper the discussion is extended to the case 
where the characteristic equation has multiple roots of any 
order of multiplicity, and it is shown that if the last two con- 
ditions just stated are satisfied, the differential equations 
reduce to the form 

dy; t—1 


where the a;’s are the roots of the characteristic equation and 
where the a;;’s have the value 0 or 1 according to the nature of 
the multiplicity of the roots. 

If the roots a; are simple roots and all lie on one side of a 
straight line and the condition + + — 
is satisfied by certain sets of integers for which Df="}, > 2, 
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then there exist only a finite number of such sets and the dif- 
ferential equations reduce to the form 


dy; 


where the summation is extended over all sets for which the 
condition j1a1 + --- + jn@n — ai = 0 is satisfied. To each of 
these extra terms in the differential equation there corresponds 
an arbitrary constant in the substitution. 


21. In this paper Mr. Mason studies the existence and prop- 
erties of entire functions defined by linear q-difference equa- 
tions, homogeneous and non-homogeneous, with coefficients 
which are entire functions. Entire function solutions are 
shown to exist in case there are formal expansions which satisfy 
the equation. In certain other cases solutions exist which 
consist of an entire function multiplied by a function which 
has a singularity at the point zero. 

If the coefficients are of finite class, the entire functions 
defined by such equations are of “ ordre apparent,” in the 
Borel sense, not greater than the greatest among the “ ordres 
apparents ” of the coefficients. When the coefficients are of 
infinite, but not transfinite, class the solutions are at most of 
infinite, but not transfinite, class. 


22. If the eccentricity of the orbit of a planet is neglected, 
there is a well-known sufficient condition that a satellite re- 
volving around it shall be permanently under the gravitational 
control of its primary. This condition, which was first used 
by Hill in the lunar theory, depends upon the character of the 
surfaces of zero relative velocity associated with Jacobi’s 
integral. All the known satellites in the solar system fulfill 
this condition except JVIII; consequently its stability or 
instability must be established by other methods. Professor 
Moulton treats the question by first finding a periodic orbit 
having the same period (the motion is retrograde), and then 
discussing the stability of the associated periodic orbit ac- 
cording to the definition adopted by Poincaré. The discus- 
sion involves the treatment of certain linear differential equa- 
tions having periodic coefficients, and it turns out that the 
orbit is stable. 
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23. Professor Cajori’s paper gives a critical account of the 
views on the theory of limits, infinite divisibility, and Zeno’s 
arguments, held by Roger Bacon, Duns Scotus, Hobbes, 
Newton, Berkeley, Jurin, Robins, Hutton, Coleridge, De 
Quincey, De Morgan, Spencer, Mill, Hobson, Bertrand 
Russell, G. H. Hardy, and others. 


24. In terms of a postulated development A = (($”)) of a 
class $ and an associated system ((d)) of positive real 
numbers Professor Pitcher and Dr. Chittenden define a 
developmental integral, integral (A), of real valued functions 
on §. The theory is first treated in general, and the integral 
(A) is found to be an example of the type of linear operator J 
used in the general integral equation theory of Professor E. H. 
Moore. Later, restrictions are placed upon the system which 
lead to a theory of measure for the class $3, generalizing the 
theory of Lebesgue. A great majority of the existent types 
of definite integrals, both proper and improper, are included 
under this generalization. 


25. Dr. Chittenden shows that in a domain admitting a 
relation “limiting element” between classes and single ele- 
ments, which satisfies the postulates of F. Riesz,* every class 
©, possessing the property characteristic of the Heine-Borel 
theorem, has the further property that every infinite subclass 
of © has a limiting element in ©. This result is applied to 
cases where “limiting element” and “interior to a class” are 
defined in terms of “limit of a sequence.” This relation is 
taken in the general sense of T. H. Hildebrandt.f As a special 
result we have the following generalization of results of M. 
Fréchet and Hildebrandt: if the limit relation satisfies the 
Fréchet conditions, then we may modify the conclusion above 
to read, © is extremal, that is, compact and closed. 


26. In this paper, Professor Baker shows that the symmetric 
group G;, can be represented as a reflexion group in R;,;. The 
matrix | a | with the elements 


Vit1 
— = 1), 


* “Stetigkeitsbegriff und abstracte eee 4 Attidel IV° Congresso 
Internazionale di Matematichi, Roma, 1908, vol. 2, pp. 18-24. 

+A contribution to the foundations of Fréchet’s calcul fonctionnel, 
Amer. Journal, vol. 34, p. 241. 


aii = 


— 
__&§ 
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and all other elements zero, represents by its rows a set of 
k—1 axes. Each axis makes an angle of 120° with its 
nighbors and is perpendicular to the others. 

Reflexions in the flat Ry» perpendicular to these axes have 
the properties (a) each is of period 2, (b) the product of two 
neighbors is of period 3, (c) the product of other pairs is of 
period 2. 

These relations determine G, by Moore’s theorem (Pro- 
ceedings of the London Mathematical Society, volume 28). 
The R,_»’s divide the space into k sectors which represent the 
elements of the group. By choice of a fundamental region 
consisting of a connected set of these sectors the elements of 
any subgroup can be represented. 

By adding a kth row to the matrix 


1 Vk 
1, 2, 2), 
the reflexions in the & R,-.’s are in correspondence with the 
substitutions (01), (12), (23), ---, ( — 1,0). The Ry»’s not 


having the symbol / determine a line containing the /th vertex 
of the regular figure (simplex) with & vertices in Ry. 


= 


27. All Cayley diagrams (color groups) of the plane have 
been determined by Maschke (American Journal, volume 18). 
The second paper of Professor Baker is concerned with the 
problem of finding all the Cayley diagrams representing a 
given group. 

One such exists, namely the one obtained by constructing 
the Dyck figure, taking the polar figure, and suppressing the 
line representing the redundant generator. With such a 
figure, or any Cayley diagram otherwise obtained, the con- 
struction of all the others is reducible to a purely topological 
problem. In the case where three lines meet at each point 
the problem is simply stated: Place a mark on any arbitrary 
set of the lines and draw lines within each polygon crossing 
at the mark. The result is a symbol of a Cayley diagram 
in the most general sense. Namely, the lines which are neces- 
sarily closed represent the new polygons. 

The number is in general so large that enumeration is im- 
possible without further restrictions. 
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Usual restrictions are (1) the polygons shall not self-touch, 
(2) the resulting figure shall be two-sided. For the octahedron 
group, as generated by three elements of order two, the un- 
restricted number is 2* and no solution has more than 144 
conjugate representations. With (1) alone the number is 
still probably too large for detailed enumeration. With (1) 
and (2) the number of distinct types is 61. This and the 
number 73 of types of ‘routes’ for the group were determined 
by the use of sieves. 

The abstract formulation of the topological problem is: 

Given a complex C, by means of its matrices Xu, Xm; how 
many complexes are there having Xq and a different Xm (a) 
in general, (b) with restrictions (1) and (2), or both? 


28. If a and b are any two bitangents to a general quartic 
curve, it is well known that there are just five new pairs of 
bitangents c, d; ---; k, 1 such that the eight points of contact 
of a, b, c, d are on a conic, ---, those of a, b, k, l on a conic. 
Such a set of six pairs of bitangents ab, cd, ef, gh, ij, kl is called 
a Steiner set (or group). The same sét is uniquely determined 
by any one of its six pairs. The set determined by a and ¢ 
contains the pair b, d, but no further bitangent in common 
with the first set. Professor Dickson considers the abstract 
problem to distribute 28 symbols into sets of six pairs such that 

(i) Every pair occurs in one and but one set; 

(ii) If AB, CD are two pairs in a set, then AC, BD are pairs 
in a set; 

(iii) Two sets AB, CD, --- and AC, BD, --- have only 
four symbols in common. 

In view of the theorems quoted, there is such a distribution 
of the 28 bitangents. It is shown that, in the abstract 
problem, any distribution can be derived from one distribution 
by a mere permutation of the symbols. The 28 symbols 
used in the proof are 12, 13, ---, 78, where 7j and ji are identi- 
fied. A distribution, from which every distribution can be 
derived by permutations of the 28 symbols, is composed of 63 
sets falling into two types: 


ab ed, ac bd, ad be, ef gh, eg fh, eh fg; 

ag ah, bg bh, cg ch, dg dh, eg eh, fg fh; 
where a, ---, h is any permutation of 1, ---, 8. 
This staph of Hesse therefore stieeiils a lack of sym- 
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metry as regards the distribution of the 28 bitangents into 
Steiner sets, whereas there is no geometrical distinction be- 
tween sets of different types. 

Perfect symmetry results if we employ the 28 symbols 


(a1, Yi, V2, Yr, Ys); ay + T = 1 (mod 2), 


where each “element” 2; and y; is 0 or 1, corresponding to the 
theta functions for p = 3 of odd characteristics. It is easy 
to prove that, if A and B are any two of these symbols, there 
exist exactly five pairs of symbols C;, D; (j= 1, ---, 5), 
distinct from each other and from A and B, such that the six 
sums of corresponding elements (for example, their four 
elements 2;) of the four symbols A, B, C;, D; are even, 

It follows that the sums of corresponding elements of C;, Di, 
C;, D; are even. Hence the set of six pairs determined by 
A and B is identical with the set of six pairs determined by 
C;, Di. 

Under this law of separation into sets of six pairs, properties 
(i) and (ii) therefore hold, likewise (iii), as easily verified. It 
follows from our abstract theorem that the 28 bitangents can 
be designated by our new symbols in such a way that the eight 
points of contact of four bitangents are on a conic if and only 
if the six sums of corresponding elements of their four symbols 
are all even. We thus have an elementary proof of the last 
theorem, previously established by Riemann, Weber, and 
Clebsch by means of the theory of abelian functions. Refer- 
ences are given in Annals of Mathematics, 1905, pages 141- 
150, where the theorem is shown to lead in a simple manner 
to the result that exactly 4, 8, 16 or 28 of the bitangents are 
real. 


29. Mr. Schweitzer investigates the following generaliza- 
tions of functional] equations previously discussed by him: 


{8 (x)o(y) — = (a+ y)}'- y)}, 
Vif A(x)A(y) — = + — y)}™. 


In these equations |, m, 1, m, denote constants. 
H. E. Siaveut, 
Secretary of the Chicago Section. 


ON OVALS. 


BY PROFESSOR TSURUICHI HAYASHI. 


In the American Journal of Mathematics, volume 35, number 
4 (October, 1913), page 407,* Professor Arnold Emch has 
proved an interesting theorem that in every closed convex 
curve which is analytic throughout, at least one square may 
be inscribed; and in the BuLLETIN, volume 20, number 1 
(October, 1913), page 27,¢ he has proved that a closed convex 
analytic curve may be represented parametrically in the form 


2= p+ $V 3 cos (“4 0) 


where f(é), g(t) are two uniform continuous functions for all 
values of ¢ and with the same period w, and p, q, a, and 6 are 
certain constants. Pursuing his lines of investigation, I will 
prove here that about every closed convex curve which is 
analytic throughout (let me call this an oval simply) at least 
one square may be circumscribed, and will deduce a parametric 

representation of the curve in tangential coordinates. 
Evidently a rectangle can be circumscribed about a given 
oval, one of whose four sides may take any direction whatever. 
If this rectangle, drawn quite at random, be a square, the 
question is solved. If it be not a square, then let its four 
sides be AB, BC, CD, DA, and let the points of contact of 
these sides be P, Q, R, S in order respectively. Now the ratio 
BC : AB (k say) is not equal to unity. If it be greater than 
unity, the ratio CD: BC (1/k) is less than unity. Hence 
when the point of contact passes from P to Q along the curve 


* “Some properties of closed convex curves in a plane.” 
t “On closed continuous curves.”. 
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+ sin (72-4) sin 
. 
y= q+$V2 sin( +0) 


466 ON OVALS. [June, 


and, what is the same thing, when the direction of the side AB 
becomes that of the side BC, the ratio of the two neighboring 
sides changes from k (> 1) to 1/k (<1). Therefore by the 
principle of continuity, this ratio must become equal to unity 
at least once during this change. At that time the rectangle 
becomes a square. 

Let us next seek a parametrical representation of the curve 
in tangential coordinates from this consideration, by connect- 
ing the tangential coordinates (A, ») and the point coordinates 
(x, y) by the equation 

Az + py = 1. 


Draw a square with diagonal 2a, symmetrically situated with 
respect to the z and y axes, and having its vertices on the 
axes, so that the four sides are 

t+y=a, 
the tangential coordinates being 


(-3 1\ -*) -:) 
a’a/)’ a’a)’ oF 


respectively. Then the parametrical representation of any 
oval through the vertices of this square in the tangential 
coordinates must be of the form 


V2 2nt Ant 
* 
2Qnt Ant 


where ¢g(¢) and y(é) are two uniform continuous functions for 
all values of ¢, and with the same period w, the parameters 


corresponding to the sides of the square being & = (2k + 5 


(k = 0,1, 2,3). The process of obtaining this representation 
is quite the same as that used by Professor Emch in his paper 
above cited. 
* Professor Emch has used for his purpose the more complicated factor 
sin (== sin _ 
a 4 4 


than the factor cos 4xt/w here used, though the former is simpler than the 
product of four sines first used by him (see BuLueTtn, vol. 19, No. 5 
(February, 1913), pp. 221-222). 
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Applying to the points (x, y) of the cartesian plane a com- 
bined rotation and translation 0, p, g, so that the coordinates 
of the points before and after the motion are connected by 


X = p+ ysin 8, 
Y=q+2sin0+ ycos0 


or 
x = (X — p) cos0+ (Y — g) sin8@, 
y = — (X — p) + (Y — q) cos 8, 
then the straight line 
At + py = 1 
becomes 


— p) cos (Y — sin 8} 
+ u{— (X — p) + (¥ — g) cos 6} = 1, 


AX + MY = 1, 


7s 


if we put 

~ 1+ pQcos — 0) + sin 6+ cos 8)’ 

Asin 6+ pcos 6 

~ 1+ pQcos — 6) + gQ sin 6+ cos 9)” 
Hence, replacing \ and yu by their values, we get the tangential 
coordinates A and M of the oval in terms of the parameter f, 
in the form 


{ cos (7244 0) + cos +N, 


M 


A= 


2 Ant 
M= (74 0) + | +N, 


N= 1+ p{ 0) + cos | 


+ 0) + cos ao}, 


a 
where 


= cos — sin, g(t) = sin 8+ cos 0. 
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Therefore this form must be the required parametrical 
representation of any oval in tangential coordinates, if we 
choose the unit of length properly.* 


Senpal, JAPAN, 
December, 1913. 


ON THE CLASS OF DOUBLY TRANSITIVE GROUPS. 


BY PROFESSOR W. A. MANNING. 


(Read before the San Francisco Section of the American Mathematical 
Society, October 25, 1913.) 


TuE class u(u > 3) of a doubly transitive group of degree 
n is, according to Bochert,} greater than jn — 3 Vn. If we 
confine our attention however to those doubly transitive 
groups in which one of the substitutions of lowest degree is 
of order 2, it appears that the class is greater than 3n — 3 Vn 
—1. The proof of this statement rests essentially upon the 
following 

Lemma. The degree of a diedral group of class u generated 
by two non-commutative substitutions of order 2 and degree u 
is at most $u. 

Let s and ¢ be the two substitutions in question, and let the 
order of their product be N = 2*p,"po* --- pa™, where 71, 
Pe, --- are distinct odd primes. The transitive constituents 
of {s, t} may be arranged as follows: 

s has m, cycles displacing letters not in ¢, and ¢ has me 
cycles displacing letters not in s; there are x; regular constit- 
uents of order X;, with a generator in both s and ¢ (thus 
common cycles of s and ¢ are explicitly included, while the 
preceding type of constituent of degree and order 2 is excluded) ; 
there are y; non-regular constituents of degree Y; and order 
2Y;, Y; an odd number; there are y;’ non-regular constituents 
of degree ¥;,’ and order 2Y;’, Y;’ even, with the generator of 
degree Y;,’ in s, and the generator of degree Y;’ — 2 in f; 
in like manner there are y;’’ constituents of the order Y;’ 
with Y,’ — 2 letters in s and Y;’ letters in ¢. Since transitive 


* Subsequently I have proved that an infinite number of cubes may be 
circumscribed about an ovoid body. The proof and application of this 
theorem will be published in the Science Reports of the Téhoku University, 
Sendai, vol. 3, no. 4. 

t Bochert, Math. Annalen, vol. 49 (1897), p. 131. 
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diedral groups of degree n are of class n, n — 1, or n — 2, 
and since in case the class is n — 2 one generator of order 2 
is odd and the other even, the above enumeration of possible 
constituents of {s, t} is complete. 

If m, or m2 is zero the lemma is true as stated. Hence 
we assume that neither m; nor mz is zero and N, the order of 
the product st, is even. The orders $X; run through all the 
divisors of N, unity and N included, but any or all the mul- 
tipliers xz; may be zero. Let ~ be written for 22:X;, where 
the summation extends to all the regular constituents of 
{s, t} as agreed upon above. The numbers Y; are all the 
odd divisors of N, unity excepted, and the numbers Y;’ are 
all the even divisors of N, including N and excepting 2. Some 
of the numbers y;, yx’, yx’’ may be zero. 

If now a census be taken of the transpositions in s and ¢, 
there results 


+ E+ V3 — 1) + + — 2) = 4, 

2me + + — 1) + — 2) + Vi’ = u, 
whence 
(mi + me) = u — — — 1) — + — 1). 

The degree of {s, ¢} is 

+ me) + E+ + + ye’) Ve’, 

or, when 2(m; + mz) is eliminated, 
(1) — — — 2) — + ye’) — 2). 

If it be assumed that N is divisible by 4, (st)*” is not 
identity, and its degree is not greater than 

(yn! + ye) + &, 


where 2” extends the summation to all those constituents of 
{s, t} whose order is a multiple of, or is, 2***. Because the 
class of {s, t} is u, 

where h is a positive integer or zero. Now if 2’’(y:’+yx'’) Yi’ 
is zero by reason of y;,’ = 0, yx’ = 0, throughout the range of 


the summation 2”, we eliminate ¢ from (1) by means of 
£ = u+ hand obtain for the degree of {s, ¢} 


u— h— — 2) — + yz’) — 2), 
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a number less than u, which is absurd. Then {s, ¢} has at 
least one non-regular constituent the degree of which is a 
multiple of, or is, 2*. Among these numbers let Yo’ be a 
minimum. We separate the non-regular constituents of 
degree Yo’ from the other constituents of {s, t} and write 


(yo’ + yo") Yo + 2" + ye”) Ve’ + E= ut h, 


whence 
=" (yx + ) 
The >’” denotes the exclusion of the yo’ + yo” constituents 
of degree Yo’ and order 2Y,’ from the summation of non- 
regular constituents affected by 2’. This value of yo’ + yo” 
if substituted in (1) gives, if 2’ = 2 — 2”, 


2 
— — 2) — + 1). 


By reason of the assumption that N is a multiple of 4, the 
~¥ value of Yo’ is 4, so that (2) is certainly not greater than 


*"Then N is not divisible by 4. 

If p is an odd prime divisor of N, consider (st)*”, a sub- 
stitution of degree u or more. Its degree is at least 

+ + Vi’ + &, 

where Y, = p*, the highest power of p that divides N, and 
>” extends to those non-regular constituents of which the 
degree is an even multiple of p*. Just as in the preceding case 
the degree of (st)”” cannot reduce to ~. But suppose that 


yo = 0. Then from the constituents under 2” select one of 
a minimum order 2Y 9’, and write 


ye) Ve’ + + yo") Yo +E= ut h. 


This leads again to (2), with this difference, that 6 is the least 
value we can assign to Yo’. Then yo is not zero. Proceeding 
as before we get 


(Yo—2)yo= 7, out + yx”) re (1 
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Putting this in (1), we have 


This number can exceed $u only if Yo = 3. The lemma is 
proved in all cases except that in which N = 6. In this case 


(1) becomes 
2u——E—y— 4’ + 
From (st)? and (st)* we have, respectively, 
E+ 3y+ + y") =uth, 
and 


2(m + me) + E+ +y") = uth, 
while 


+ m2) = 2u — — 4y — 10(y’ + y”). 


By means of these three equations we may eliminate y and 
4(y’ + y’’) from (1), and obtain the following expression for 
the degree of {s, t}: 

gu — h — — 3. 


The proof of the lemma is now complete and we may use it in 
the proof of the following 

THeorEM. The class u(u > 3) of a doubly transitive group 
of degree n in which one of the substitutions of lowest degree is 
of order 2 is greater than $n — $ Vn — 1. 

There is by hypothesis in our doubly transitive group G 
of class u a substitution s of order 2 and degree u. This sub- 
stitution is one of a set of w conjugates, and w is greater than 
unity. Because of the double transitivity of G, every possible 
transposition that can be formed with n letters is found 
among the w substitutions of this set, and one as often as 
any other.* In fact, a given transposition occurs exactly 
wu/n(n — 1) times in the complete set of conjugates. There 
are u(n — u) different transpositions possible in which one 
letter is displaced by s and the other is one of the n — u 
letters left fixed by s. No substitution that contains one of 
these transpositions is commutative with s, so that, if y is 


* Cf. Bochert, 1. c., throughout this proof. 


— 24 ¥;—2) 
2 -7)-% 
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the number of substitutions conjugate to s which are not 
commutative with s, 
2wu(n — u) 

n(n —1) 


Each conjugate of s displaces wu. letters which may be 
associated in $u(u— 1) distinct pairs. Then the w con- 
jugates exhibit wu letters and 3wu(u — 1) pairs. There are 
wu/n substitutions with a given letter in common and 
wu(u — 1)/n(n — 1) substitutions with a given pair of letters 
in common. Hence the wu letters of s are displaced wu?/n 
times, and the $u(u — 1) pairs of letters in s are found in 
substitutions of the set of conjugates in all wu?(u—1)?/2n(n—1) 
times. 

Now let m be the number of letters any substitution of the 
set has in common with s. Then if we sum for all the w 
conjugates 


IV 


y 


And by the lemma, 

Zym 2 
An arithmetic relation between the above numbers may be 
set up by means of the identity 


=z (: +3 =I)? 
os k k ( 
where the quantities /,, J, ---, 1,, to which the summation is 
extended are any real numbers. This also implies 


Since doubly transitive groups of class $n are known, it 
may be assumed once for all that the groups under discussion 
satisfy the condition 

u< gn. 


Then y is not zero. Nor is w — y zero, for s is not included 
among the y substitutions non-commutative with it. Now 


w\? 1 
2 — _ — — (2, 2 
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and hence 


u?\? 1 
(m = — 1) + — (2m)? 


_ wur(u — 1)? 
n(n — 1) * 


u2\2 «wr? 
2,(m 
u?\? wu?(u — 1)? u 


2\2 4 2 2 
5) 
n w—y n 
1 


And since 


Hence 
wur(u — 1)? (5 _1 2 
that is, 
(F-1)S=7 2 
But 
w n(n — 1) 
y —2u(n— u)’ 
whence finally, 
n(n—u) (n—u)? (5 
(3) 5-4). 


Since the left-hand member of this inequality has, for u<4n, 
a negative derivative 


2 
n n—uU 
— 2{ — } + 
2u a—1 
it is a decreasing function of u, as wu increases from 4 to 3u. 


Then from a known lower limit of u another may be calculated 
by substitution for u of the known limit on the left of the sign 


Again 
_ ym 
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of inequality. For example, it is known that u is greater than 


in,* whence 


(5- 
=18" 16n—1’ 
u > 4n — 


if a; is put for 15/4. This limit may in turn be used to find 
another of the same form. Let us assume 


u > 4n— 4 Van 


and therefore 


and seek a recurrence formula for Va,. We get 


or since 


a, > aa! Vn + Vax 


Here a; = 15/4, and the number of component fractions is 
k+1. We may now write va,,; as the quotient of two 


continuants: 

Let_C;' denote the continuant of the kth order 

( —vn --» ) 

vn vn 


* Bochert, Math. Annalen, vol. 40 (1892), p. 182. 


| 
| 
| 
u> gn — 
where 
Nn Nay 
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Then 


Cra — Vail 


and Ci = 
This difference equation has the solution 
— 
where a + 6 = Vn, op = Vn, and in consequence 


a= 
Then 


at — Bt) — — 

= 
(aH — — — B*) 

As k approaches infinity, this fraction approaches the limiting 
value B = — —4vn.. Then finally 


To call attention to the remarkable restriction imposed upon 
the class of G by this formula a few pairs of values of n and 
u calculated from it are given: 

m=|21 22 23 24 25 26 27 28 29 30 31 32 33 34 
u>|6 6 8 8 8 8 8 10 10 10 10 12 12 12 
n=|35 36 37 38 39 40 41 42 43 44 45 46 47 48 
u>|12 14 14 14 14 16 16 16 16 16 18 18 18 18 


In this connection it should perhaps be noted that there exists 
a doubly transitive group* of degree 28 and class 12 with 63 
conjugate substitutions of order 2 and degree 12 init. In this 
set of conjugates there are exactly 32 substitutions non- 
commutative with a given substitution of the set, and with 
which each of them has exactly 6 letters in common. There 
are 30 substitutions that have just 4 letters in common with 
the given substitution and are commutative with it, making 
up the total number of conjugates. This appears to indicate 


* Manning, Amer. Jour. of Math., vol. 35 (1913), p. 258. 


| 
| 
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that this limit for « cannot be much increased. But if a limit 
of simpler form is desired one may use 


as nm increases. If n is less than 23 it is known that this limit 
holds, for all primitive groups of class less than 14 are known,* 
and the classes 4 and 6, which alone are in question here, 
belong to no primitive groups of higher degree than 10. 


SranrorD UNIVERSITY, 
October, 1913. 


CHRISTOFFEL’S MATHEMATICAL WORKS. 


E. B. Christoffel, Gesammelte mathematische Abhandlungen, 
Unter Mitwirkung von A. Krazer und G. Faser, heraus- 
gegeben von L. Maurer. Zwei Bande. B. G. Teubner, 
Leipzig, 1910. 

WHEN one turns over the pages of the collected works of a 
mathematician such as this one, arranged in chronological 
order, and notes the varied fields in which the author worked, 
he feels an impulse to follow the methods of his literary 
colleagues and to try to find the influences which played upon 
the author. To what extent was he influenced by direct 
contact with other masters? Or perhaps was he that year 
lecturing upon a certain subject and thus was naturally led to 
an attempt to solve some of its problems? These and other 
questions arise in the mind of a reviewer, and he must decide 
whether he shall amuse himself chasing fancies or turn to the 
more serious task of the kind of a review such as we are 
accustomed to expect. 

In the present instance some of the former questions receive 
a partial answer as he reads the interesting biography of 
the author written by Dr. C. F. Geiser for the thirty-fourth 
volume of the Mathematische Annalen and reprinted at the 
beginning of the first volume now under discussion. Here one 
reads that in his student days at Berlin Christoffel came under 
the influence of Dirichlet, Borchardt, and Steiner, and later, 


* Cf. Manning, Amer. Jour. of Math., vol. 35 (1913), p. 229, for refer- 
ences. 


If n is greater than 22, this number is less than jn(1 
1—4/~n); in fact the latter approaches 4n — 3 Vn — 
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in his Docent days, of Weierstrass and Kummer. At the 
same time he studied under Dove and Ohm, which may account 
for his early tendency in the direction of mathematical physics, 
but the influence of the great masters of pure mathematics is 
seen in his writings on these subjects as well. For example 
his memoir, “Sul problema delle temperature stazionarie e la 
rappresentazione di una superficie,” deals essentially with 
the conformal representation of plane areas, and as he says, 
although he retains the problem in the form given by physics, 
his principal interest is in its bearing on functions of a complex 
variable. Some of his results suggest the classic work of 
Schwarz in this field. His biographer gives one.a fine estimate 
of Christoffel’s power as a lecturer and of his personal influence 
on his students and colleagues. 

The first volume contains his thesis and eighteen papers 
written for the most part while he was professor in the Poly- 
technikum in Ziirich. They are upon a variety of topics, but 
it will be possible for us to refer to only a few of them. One 
of the most extensive is entitled “Zur Theorie der einwerthigen 
Potentiale.” Herein Christoffel has investigated the general 
properties of functions which are expressible as the sum of the 
four types of potential, namely point, line, surface, and solid. 
In the first three memoirs of the second volume he solves the 
problem of finding the most general form of functions which 
effect a conformal mapping upon a circle of a simply-connected 
plane surface of n-sides, of which Schwarz also gave the 
solution. Quite a number of the other memoirs deal with one 
phase or another of the theory of the potential. 

The title “ Ueber einige allgemeine Eigenschaften der Mini- 
mumsflichen ” applied to Memoir XIII is misleading because, 
although it deals with a property possessed by minimal sur- 
faces, it is concerned with the solution of the problem: Given 
two real surfaces S and S’ corresponding with parallelism of 
tangent planes; under what conditions is this correspondence 
conformal? It is shown first that the lines of curvature on 
the two surfaces must have the same spherical representation 
and that the principal radii of curvature of the two surfaces 
must satisfy the condition pip2’ + pepi’ = 0. Later Chris- 
toffel finds that both S and S’ are isothermic surfaces; and 
further that given any isothermic surface, not a sphere, there 
exists a second surface S’ in the above relation, and it can be 
found by quadratures. This is the so-called transformation of 
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Christoffel of isothermic surfaces. In 1899 Darboux* in- 
quired under what conditions the correspondence between the 
two sheets of the envelope of a two-parameter family of spheres 
is conformal, and found that, with an evident exception, both 
surfaces must be isothermic. Bianchi called these trans- 
formations D,, and showed that they are commutative with 
the transformation of Christoffel. Recently Demoulinf estab- 
lished the existence of a generalized transformation of Chris- 
toffel of isothermic orthogonal reseaux in n-space and proved 
that the transformations D,, correspond to the case where 
n = 4. 

In the memoir “Allegemeine Theorie der geodatischen 
Dreiecke”’ one finds for the first time the so-called Christoffel 


symbols 4 I, which denote certain functions of the coefficients 


of a quadratic differential form and their first derivatives. 
It is of interest that these symbols are introduced in connec- 
tion with the binary quadratic differential form which is the 
linear element of the surface whose geodesics are under 
discussion, although they are used subsequently in connection 
with the investigation of general quadratic differential forms. 
A large part of this paper is given over to the theory of the 
reduced length of a geodesic segment, a geometrical entity of 
value in the discussion of geodesics near a given geodesic. 
This may be defined as follows: If MoM is a segment of a 
geodesic and if one draws through Mo a geodesic making 
an infinitesimal angle @ with MoM and through M an are 
MH perpendicular to the first geodesic and meeting the 
second in H, then MH/@ is the reduced length of MMo, and 
is written [M)M]. Christoffel’s opinion of this element is 
given in the words “I consider it to be the principal result of 
the following investigations that, just as the theory of forces 
of attraction working in accordance with Newton’s law depends 
upon a single function—the potential—so the geodesy of an 
arbitrary curved surface comes back to the theory of a single 
function of four variables, which I call the reduced length of a 
geodesic segment, and which I denote by [00’] where O and 0’ 
are the end points of the segment.” 

The last chapter is devoted to a geodesic classification of 


* “Sur les surfaces isothermiques,” Annales de VEcole Normale Su- 
périeure, ser. 3, vol. 16 (1899), p. 498. 
+ Comptes Rendus, vol. 153 (1911), p. 927. 


1914. CHRISTOFFEL’S MATHEMATICAL WORKS. 479 


curved surfaces. According as there are no relations between 
the sides and angles of a geodesic triangle on a surface, or one, 
two or three relations, the surface is said to be the first, second, 
third or fourth class. Christoffel showed that every surface 
of constant curvature belongs to the fourth class, but he was 
unable to arrive at any other essential results in the classifica- 
tion. However, Weingarten* showed by a different method 
that there are no surfaces of the third class and that all of the 
fourth class have constant curvature. Later, H. von Mangoldtt 
proved that the second class contains surfaces of revolution 
of variable curvature and surfaces applicable to them. 

The last three papers of the first volume contain Christoffel’s 
important contribution to the theory of invariants of quadratic 
differential forms. The fundamental problem may be stated 
as follows: 

Given two differential quadratic forms in n variables 


(1) F= F’ = dyidy:, 
4, 4,k 


where a; and a’, are functions of the z’s and y’s respectively; 
what are the necessary and sufficient conditions that a trans- 
formation of the variables exist, say 


such that F is transformable into F’? 
This is equivalent to the determination of the conditions 
under which the system of partial differential equations 


Ox, O25 

= — — 
admits a solution. This question is reduced by Christoffel 
to an algebraic problem. Ethed 


If equations (3) be differentiated with respect to y:, where 
1=1, ---, m, and the resulting equations be solved for the 
second derivatives, the conditions that these equations be 
consistent are expressible in the form 


O2;,,02;, O2;, Ox; 


*“Ueber die Dreiecke in krummen 
Flachen,” Sitzungsberichte der K. P. Akademie der Wissenschaften zu 
Berlin 1882, . 453. 

t “Ueber ie Classification der Flachen nach der Verschiebbarkeit ihrer 
gootidiones Dreiecke,” Crelle, vol. 94 (1882), p. 21. 
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where (it2i3i4) denotes a certain function of the quantities a,, 
and their first and second derivatives, and (a;a2a30,4)’ the 
same function in terms of the functions a,,’.. These functions 
(iyizigts) were used first by Riemann in the Commentatio 
Mathematica and so Ricci has called them the Riemann 
symbols. 

Similarly to (3), equations (4) are the conditions of equiva- 
lence of a form 


1' 4 


and an analogous form G’, in the y’s. Here we take four dif- 
ferent sets of differentials, since there are certain linear rela- 
tions between Riemann symbols, in consequence of which G, 
vanishes identically when the differentials are the same. Thus 
equations (4) are the conditions for the equivalence of two 
quadrilinear forms. 

If equations (4) be differentiated with respect to y, and if 
we make use of the five index symbols defined by 


where 7 is the usual Christoffel symbol, we obtain equations 


2; 
Oy,” 


which evidently are the conditions for the equivalence of two 
quinquilinear forms G; and G;’. 

Continuing by means of a process which is an immediate 
generalization of (6), we obtain a series of equations analogous 
to (7) and thus a sequence of covariant forms G4, G;, ---, G,. 

These results are developed at length in Memoir XVIII and 
the properties of the Riemann symbols are investigated. Here 
one finds for the first time, the so-called Christoffel symbols 
of the first kind. 

After these preliminaries the author establishes the following 
fundamental theorem: 

The necessary and sufficient conditions in order that it shall 
be possible to transform a quadratic form F into another 


DY a, 


| 
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quadratic form F’ are that the equations in the variables z, y, 
0x/dy derived from the equivalence of two sequences 


F, Gs, Gs, ---, G, and F’, Gy’, ---, G,’ 


shall be algebraically compatible. 
It is necessary to distinguish between the following two 
cases: 
(i) When an order qg can be determined such that the equa- 
tions 
F= G, = G4, = 


determine the quantities x and 02z/dy as functions of the 
y’s and these values make G, = G,’ an identity. 

(ii) When the above equations yield only p(<n?+ n) 
independent equations, and if any set of solutions of these p 
equations satisfy identically G, = G,’. 

When the conditions of the first case are satisfied the 
problem is algebraic, but in the second case certain of the 
quantities left undetermined by the algebraic conditions must 
satisfy partial differential equations of the first order. From 
the algebraic theory it follows that the algebraic invariants 
of the two sets of multilinear forms must be equal. And the 
equations of transformation are given by equating n inde- 
pendent absolute invariants. Hence it is necessary that the 
sequence of forms F, Gy, G;, Gs, --- be extended to such 
a point that there shall be n absolute simultaneous invariants. 
In particular the invariants J, J, --- of the algebraic forms 
F, Gs, --- are a complete system of relative differential invari- 
ants of the form F. 

It was the methods followed in these memoirs which served 
as the foundation for the interesting Calcul differential absolu 
which has been developed by Ricci and Levi-Civita.* They 
call the operation defined by equation (6) covariant differentia- 
tion. It plays a fundamental réle in this method which has not 
received the consideration it deserves. 

During the latter years of his life Christoffel’s researches 
dealt primarily with algebraic functions and their integrals, a 
subject which retains its interest at present. As representative 
of his important contributions to this field, one may mention 
his extensive memoirs entitled “ Ueber die canonische Form der 


* “ Méthodes de calcul différentiel absolu et leurs applications,” Math. 
Annalen, vol. 54, pp. 128-196. 
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Riemannschen Integrale erster Gattung” and “ Algebraischer 
Beweis des Satzes von der Anzahl der linearunabhingigen 
Integrale erster Gattung,” the titles of which convey a suffi- 
cient idea of the problems solved. However, it is a question 
whether Christoffel’s later work was as novel and fundamental 
as that which we have discussed at greater length above. 

At the end of certain memoirs the editor has added remarks 
which are helpful. In every way the books present a fine 
appearance, which may be a superfluous observation since 
they are published by Teubner. 

LuTHER PFAHLER EISENHART. 


PROBLEM COLLECTIONS IN CALCULUS. 


Esercizi di Analisi infinitesimale. DiG.Vivanti. Puntata I. 
Completo. Mattei, Pavia, 1912. ix-+ 470 pp. Price, 
15 lire. 

Sammlung von Aufgaben zur Anwendung der Differential- und 
Integralrechnung. Von F. Dincetpry. (Lehrbiicher der 
Mathematischen Wissenschaften XXXIIj,2.) I. Teil; Dif- 
ferentialrechnung, 1910, vi-+ 202 pp.; II. Teil; Integral- 
rechnung, 1913, ii-+ 382 pp. Teubner, Berlin und Leipzig. 
Price, 6 + 13 marks. 

Most treatises on the calculus contain numerous solved and 
unsolved problems, but in what follows I wish to indicate some 
of the more notable separately published problem collections 
which, chiefly by reason of the industry of Germans, present a 
most formidable array before an inquirer. There are, on the 
one hand, works which simply contain problems to solve, as 
those of Byerly* and Wolstenholme.t On the other hand, we 
have the voluminous collection of books which give a synopsis 
of a certain amount of theory, set forth numerous worked out 
examples of a somewhat typical nature, and give similar 
problems for solution. This is the style of the little works by 


*W. E. Byerly, Problems in Differential Calculus supplementary to a 
Treatise on Differential Calculus. Boston, 1895, pp. viii+71. 

tJ. Wolstenholme, Mathematical Problems on the Subjects for the 
Cambridge Math. Tripos Examination, Part I, 3d ed., Lond., 1891. 
Problems 1641-1992 on Differential Calculus, Higher Plane Curves, In- 
tegral Calculus. 
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Junker,* Pascalt and Délp,t and of others of a more ambitious 
nature. 

One of the earliest and most interesting among works of this 
latter kind, was compiled by George Peacock,|| professor of 
mathematics in Cambridge University. Beside problems on 
the regulation topics of calculus courses, there is a section on 
higher plane curves and another of 180 pages on the integra- 
tion of differential equations. Throughout are numerous 
historical notes. As Peacock had not the leisure to superin- 
tend the publication of a second edition of his “ Examples,” 
which, by 1841, had been long out of print, Gregory,§ a Fellow 
of Trinity, thought that he “should do a service to students by 
preparing a work on a similar plan, but with such modifications 
as seemed called for by the increased cultivation of analysis 
in the university.” So he introduced “demonstrations of 
propositions which although important and interesting, do not 
usually find a place in works devoted to the exposition of the 
principles of the calculus.” The choice of subjects was about 
the same as in Peacock and the exact references to, and quota- 
tions from, original sources form a valuable feature. 

Drawing liberally upon Gregory’s work, Frenet (famed for 
his formulas of differential geometry) published the pioneer col- 
lection§ by a Frenchman. The third edition was enlarged to 
contain 657 problems, some of which dealt with double series, 
infinite products, Bernoulli’s numbers, and symbolic opera- 
tions, in addition to treatment, in the French manner, of the 
ordinary problems of English works. The sixth edition, pub- 
lished by Laurent after Frenet’s death (1900), contained an 

*¥r. Junker, Repetitorium und Aufgaben-Sammlung zur Differential- 
rechnung, 3. verb. Auflage, Leipzig, 1911, pp. 129. Repetitorium u. Auf. 
Sammlung z. Integralrechnung, 3. verb. Aufi., Leipzig, 1912, pp. 135 (Samm- 
lung Géschen, 146, 147). 

rE. Pascal, Esercizi critici di apete differenziale e integrale (Manuali 
Hoepli), Milan, 1895, pp. xvi+27 

ufgaben zur Differential- nt Integralrechnung, von H. Délp. 
Neubearbeitet von E. Netto. 10. Aufl. Giessen, 1903, pp. 216. (First 
pe eggs of .) 12. Aufl., 1912, pp. xii+216, entitled “Grundziige und Auf- 
aben, etc.” 
7 ll Collection of Examples of the Applications of the Differential and 
Integral Calculus. 1820, pp. xiii+506+6 plates. 

§ ‘‘ Examples of the Processes of the Differential and coded Calculus,” 
collected by D. F. Gregory. Second edition edited [after Gregory’s death 
in 1843] by Wm. Walton, Cambridge, 1846, pp. x +529+4 plates; French 
translation by Clarke, Paris, 1849. 

J. F. Frenet, Recueil d’Exercices sur le Calcul infinitésimal. Paris, 


1856; 3e éd., 1873; 5e éd. par H. Laurent, Paris, 1891; 6e éd. augmentée, 
Paris, 1904, ; pp. xlv +538. Russian ed., Moscow, 1899-1900. 
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appendix on residues, elliptic functions, partial differential 
equations, and total differential equations. Tisserand’s ele- 
gant Recueil of 1877 consisted of solved problems only (dif- 
ferential calculus, 55; integral calculus, 41; applications of 
calculus to the solution of various questions concerning 
curves and surfaces, 70) and was intended to be supplementary 
to the third edition of Frenet. At the author’s request 
Painlevé prepared the second edition,* and increased its size 
nearly 100 pages by adding a fourth part relative to the theory 
of functions, (27 exercises on definite integrals, residues, 
periodicity, inversion of integrals, critical points of various 
differential equations). Some problems were added to other 
parts. A Belgian work by Brahy,} more elementary and 
much less interesting, has gone through several editions. 
Apart from the Bandchen of Pascal, Italy’s contribution 
to this class of books is best represented by Vivanti’s Esercizi. 
This is a work of considerable originality and of attractive 
get up. It contains some 600 worked out problems. About 
half of the book is taken up with the problems on the subjects 
of differentiation, limits, indeterminate forms, maxima and 
minima, integration, tracing and other discussion of some two 
score of curves. The latter half develops problems on oscu- 
lating planes, curvature and torsion, differential equations.{ 
Corresponding to the classic French treatise by Frenet, we 
have the German classic Uebungsbuch of O. Schloemilch.§ 
In the first edition, among features somewhat different from 
ordinary books of the kind, 40 pages are devoted to maxima 
and minima of a function, 52 to infinite series, 14 to functions 
and series of a complex variable. In the second part about 
80 pages are given over to differential equations. Another 


* F. Tisserand, Recueil complémentaire d’Exercices sur le Calcul infini- 
tésimal. 2 éd. Augmentée de nouveaux Exercices par P. Painlevé; 
Paris, 1896, pp. xxiii +524. 

{ E. Brahy, Exercices méthodiques de Calcul différentiel, Brussels, 1867. 
3e éd., Paris, 1905. Exercices méth. de Calcul intégral, Brussels, 1895; 
nouv. éd., Paris, 1903, pp. viii+-301. 

t When it is recalled that Vivanti is the author of the section “ Infinitesi- 
malrechnung,” pp. 639-870, of Cantor’s Vorlesungen iiber ‘Geschichte der 
Mathematik, vol. 4 (1759-1799), Leipzig, 1908, the historical remarks in his 
Esercizi must be regarded as bearing the weight of trustworthy authority. 

§ Uebungsbuch zum Studium der héheren Analysis, I. Theil: Differ- 
entialrechnung, Leipzig, 1868, pp. vili+264; 5. Aufl. von E. Naetsch, 
Leipzig, 1904, pp. viii+332. II. Theil: Integralrechnung, Leipzig, 1870, 
pp. vili+338; 4. Aufl. von R. Henke, 1900, pp. viii+418. 
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favorite work of a similar character is that by L. A. Sohncke,* 
who died (1853) shortly after the first edition was published. 

All of the above works cover the same general field of pure 
mathematics. When we explore particular regions, we find, 
for example, the important books of P. Frostt and L. I. 
Magnus} in differential and analytical geometry and of R. 
d’Adhémar§ in theory of functions, quadratures, and differen- 
tial equations. 

There are also works in which the authors turn from pure 
mathematics, to dwell upon the applications of calculus to prob- 
lems in such fields as mechanics and natural science—applica- 
tions to so-called “practical problems.” Many of the examples 
in Professor Byerly’s little book (1. c.) are of this nature, but 
more recently, in America, we have “ Applications of the Cal- 
culus to Mechanics,” by Professors E. R. Hedrick and O. D. 
Kellogg.|| Theory and definitions necessary for solving nearly 
300 problems in vectors, statics, dynamics of a particle, work 
and energy, mechanics of a rigid body, are here given in clearly 
formulated fashion. And on six pages near the end are 
“Suggestions and Answers.” 

But Americans were not the first to publish such problems. 
More than 75 years ago D. C. L. Lehmus issued his book on 
mechanics and ballistics§ and in later days we have the elab- 
orate but unfinished “Anwendungen” of Arwed Fuhrmann** 
(died 1907). From these volumes the mathematician can 
glean many a fascinating “application” and the very carefully 
prepared and full bibliographies are a veritable mine of in- 

* Sammlung von Aufgaben aus der Differential- und Integralrechnung. 
Halle, 1850; 5. Aufl. hrsg. von H. Amstein, 2 Bde. Halle, 1885; 6. Aufl. Bd. I: 
Differentialrechnung bearb. v. M. Lindow, Halle, 1903, pp. xi+304; Bd. II: 
Integralrechnung, hrsg. v. M. Lindow, Jena, 1905, pp. xii+-221+-vi+224. 

{ Hints for the Solution of Problems in the third edition of Solid Ge- 
ometry, London, 1887, pp. 115. 

tSammlung von Aufgaben und Lehrsitzen aus der analytischen Ge- 
ometrie. I. Theil, pp. 325-659. Berlin, 1833. 

_ et Lecons d’Analyse. Paris, 1908, pp. viii+208. 

|| Boston, 1909, pp. vi+-116. 

§ Anwendungen des héheren Kalkiils auf geometrische, mechanische, 
insbesondere auf ballistische Aufgaben. Leipzig, 1836. 

** Anwendungen der Infinitesimalrechnung in den Naturwissenschaften 
im Hochbau und in der Technik. Lehrbuch und Aufgabensammlung. 
In sechs Theilen, von denen jeder ein selbstandiges Ganzes bildet. Theil I: 
Naturwissenschaftliche Anwendungen der Differentialrechnung. Berlin, 
1888, pp. xii+148; Theil II: Naturwissenschaftliche Anwendungen der 
Berlin, 1890, pp. xii++-268; Theil III: Bauwissenschaft- 


liche Anwendungen der Differentialrechnung, Berlin, 1899, pp. xvi+348; 
Theil IV: Bauwiss. Anw. d. Integralrechnung, Berlin, 1903, pp. xiv-+292. 
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formation for the inquirer. It may be observed that, at times, 
the treatment is intentionally more in the manner of a text- 
book on the subject in question, than of singly stated problems, 
the solutions of which involve calculus. 

In concluding this general survey, reference may be given 
to four other works which are not primarily “problem collec- 
tions,” but are nevertheless of great interest for the large 
number of “practical” examples which they give. These 
works are J. W. Mellor’s “Higher Mathematics for Students 
of Chemistry and Physics with special reference to Practical 
Work,”* W. Nernst and A. Schénflies’s “Einfiihrung in die 
mathematische Behandlung der Naturwissenschaft, kurz- 
gefasstes Lehrbuch der Differential- und Integralrechnung mit 
besonderer Beriicksichtigung der Chemie,” John Perry’s “Cal- 
culus for Engineers”{ and Sir George Greenhill’s “ Notes on 
Dynamics.’’§ 


Let us now turn to the second of our books under review. 
Dingeldey has remarked that while Fuhrmann gave many 
problems in “Naturwissenschaften und Technik,” the text- 
book character was also in evidence; that “applications” in 
“das ausgezeichnete Werk” of Perry were, primarily, applica- 
tions of calculus to Technik; that Mellor’s examples were 
taken almost wholly from Naturwissenschaften. He therefore 
felt that there was a lack of a book “das nur Aufgabensamm- 
lung sein will und Beispiele enthalt, die der Geometrie, den 
Naturwissenschaften und der Technik entnommen sind.” 
The volumes before us are the result of an endeavor to fill 
this want. 

The author has taken pains “solche geometrische Beispiele 
zu bringen, die zumeist auch fiir den Physiker und Techniker 
von Interesse und Niitzen sein werden, wahrend der Studie- 


1902, »,PP- xxi+543; 4 ed., xxi + 641. Ger. ed. “i 
freier Bearbeitung,” Berlin, 1906, pp. xi+41 

¢ Miinchen u. Berlin, 1895; 3. Aufl., to, pp. xii+340; 6. Aufl., 1910, 
pp. xii+442; 7 Auflage, 1913, pp. xii + 444. Russian ed., Moscow, 1907. 

t London, 1897; eleventh impression, 1913, pp. vii +382. Ger. ed. 
Hodhere Analysis fir Ingenieure deutsch bearb. v. R. Fricke u. Fr. Siichting, 
eves and Berlin, vy pp. ix+423; 2. Aufl. 1910, pp. xi+464. Russian 

, St. Petersburg, 1904. 

as Second pe hed published by His Majesty’s Stationery Office, London, 
1908, pp. 222+-15 plates, in folio format. This remarkable book, which may 
be purchased for the absurdly small sum of 3 shillings, can serve as an 
invaluable source of suggestion for arousing interest in courses on mechanics 
or calculus. I fancy that the “Hiawatha” and “Milton” problems first 
appeared in the 1893 edition of this work. 
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rende der reinen Mathematik hoffentlich den physikalischen 
und technischen Beispielen Interesse entgegenbringen wird, 
zumal diese so gewahlt sind, dass ihr Verstandnis keine be- 
sonderen Vorkentnisse erfordert; wo solche wiinchenswert zu 
sein schienen, sind die nétigen Erliuterungen gegeben.” 

The work contains about 1000 Aufgaben with solutions and 
Beispiele accompanied by adequate explanation. At the 
beginning of each of the 43 sections are propositions and rules 
connected with the theme of the paragraph; no proofs are 
given. In contrast to several collections mentioned above, 
there are no paragraphs on differential equations. 

Beispiele in Differential Calculus are not easy to find before 
the discussion of problems on maxima and minima. Never- 
theless in connection with sections on Differentiation of 
exponential functions and of logarithms, on Functions of 
several variables, and on Introduction of a new variable, 
we have a discussion of Snellius’s law of refraction, logarith- 
mic and newtonian potential, Wronskian and functional deter- 
minants, Schwarzian differential invariant. Pedal curves (5 
pages) and Series (24 pages) are subjects of two more sections. 
Discussion of points of inflexion leads to comment on the 
Hessian curve, and among the applications of maxima and 
minima we find the famous problem of the bee’s cell, a rainbow 
problem, and questions in least squares. Anallagmatic curves 
and catacaustics come up naturally in the section on envelopes. 

Almost at the beginning of the integral calculus volume 
and again, later on, are examples of Simpson’s rule (with due 
credit to James Gregory) and its use in ship-building. As 
illustration of integrating trigonometric and cyclometric 
functions, Hooke’s law and pressure of wind on a tower and on 
the sail of a boat are considered. Radio-activity is a Beispiel 
in the integration of exponential functions. Problems on 
Lagrange’s interpolation formula, a falling body, velocity of 
chemical reactions, and on the Staukurve* enter into the 
section on integration of rational functions. In other sections 
we have: Fourier series; beta and gamma functions; elliptic 
integrals with pendulum problem; laws of the mean with 
applications to heat, machinery, hydraulics; rectification with 


*I do not know an English equivalent for the name of this curve, to 
which ten pages are devoted by Dingeldey. It may be described as follows: 
suppose the water of a dammed stream to flow through a break in the dam; 
the form of the surface of the water above the dam in longitudinal profile 
is that of the Staukurve. 
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examples on catenary and telegraph wire, Fagnano’s formula, 
parallel curves, spherical loxodrome, and Mercator’s projec- 
tion. The volume closes with sections on the volume of 
certain solids; determination of masses and of centers of 
gravity;* moments of inertia; applications of potential 
theory. But these brief indications of the contents of the 
volumes must suffice. 

The author has accomplished the task set himself in admir- 
able fashion. Carefully exact statements, in historical notes, 
in references to original sources, in indexes, and elsewhere are 
noticeable throughout. No especially serious error has come 
to the reviewer’s notice. Problem 39 (I, 167) might well cause 
trouble since about a dozen signs are wrong and a y’ should 
be substituted for a ¢’. Most of the well-known curves are 
badly drawn. It would be an improvement if the indexes 
included all proper names mentioned in the volumes. 

A few additions and notes at different points might increase 
the interest of the reader. For example: (1) after showing that 
a cardioid is a catacaustic of a circle (I, 183), reference might 
be given to Jacob Bernoulli (Acta Eruditorum, June, 1692, 
pages 293-295). (2) Heron of Alexandria may be credited with 
the solution of the problem of plane geometry: Given two 
points on the same side of a line, to find on the line a point 
such that the sum of its distances to the two given points shall 
be a minimum (I, 114). (3) The expression for the area of 
the maximum quadrilateral with given sides a, b, c, d (I, 146) 
might be given in the form Vs(s — a)(s — b)(s — c)(s — d) 
(where 2s = a+ b+ c¢+ 4d), with the remark that this was the 
expression for the area of an inscribed quadrilateral, given by 
Brahmagupta in the seventh century. The maximum property 
was shown by Lhuilier.t (4) When the length of the semi- 
cubical parabola (Neilsche Parabel, II, 271) has been found, 
why not remark that this was one of the first curves whose 
lengths were determined mathematically? The honor of effect- 
ing this determination belongs to Fermat and to the English- 
man, William Neil. (5) After considering (II, 227) the integral 


| é~“dzx (which plays an important réle in the theory of errors 
0 
* Pappus’s theorems on the surface and volume of a solid of rotation, 
are introduced at this point. The usual mistake of attributing them to 
Guldin, who likely stole them from Pappus, is not committed here. 
{ Cf. Maximis et Minimis, Varsauiae, 1782, p. 18 ff. 
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in observation), make the transformation z = + = (1 + 2), 


where i = V—1, and it is readily found that ={ e “dz = 


f sin s? ds = f cos 8° ds = + = Le , integrals studied by 


Euler as early as 1781.* Now if we consider Jacob Bernoulli’s 
problem, to determine the curve whose curvature is propor- 
tional to its arc, we are led (on taking the constant of propor- 
tion as unity) to the equations 


z= [sins as y= | cossds 
0 0 


which define a double spiral curve,} turning about the asymp- 
totic points, determined by the Euler integrals above, and 
hence named by Cesaro the Clothoide.§ It would also be 
interesting to remark that the curve is associated with the 
name of Fresnel, who was led to it in discussing the diffraction 
of light. || 

R. C. ARcHIBALD. 


Brown UNIVERSITY, 
December, 1913. 


SHORTER NOTICES. 


Archimedis Opera Omnia. Volume II. By J. L. Herperc. 
Leipzig, B. G. Teubner, 1912. xviii+ 554 pp. 8 Marks. 
IT may seem strange that a new Latin-Greek edition of the 

works of Archimedes should be deemed necessary, the first 

one under the editorship of Professor Heiberg having appeared 
as late as 1880-1881. We expect new translations into modern 


* “Te valoribus integralium variabilisz = 0 usquex = © extensorum.” 
““M. S. Academiae exhib. d. 30 Aprilis, 1781.” Euler here evaluates the 
integrals by means of gamma functions. Published in Inst. Calculi Integr. 
IV (1794), pp. 339-345. 

‘“Invenire curvam cujus curvedo in singulis est proportionalis 
longitudini arcus; id est, quae ab appenso pondere flectitur in rectam,” 
Opera, Geneva, 1774, vol. 2, pp. 1084-1086. 

t Cf. Picard, Traité d’ Analyse, tome 1, 2° me ga p. 357. 

Nouv. Ann. Math. (3), vol. 5 (1886), p 

|| @Euvres complétes, tome I, p. 319, Beis 1866; “Mémoire sur la 
diffraction de la lumiére,” presented to the Academy of Sciences in 1818, 
crowned in 1819 and first published in 1826. Mém. de l’Acad. Fran., 
tome V, for 1821-22, Paris, 1826. 
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languages, and new interpretations of classical treatises from 
time to time, but new editions of the text alone, when the 
work has so recently been done by a scholar of such ability as 
Professor Heiberg, are cause for some surprise. 

It is, however, a pleasant indication of the steady advance 
in the history of mathematics that such a state of affairs should 
exist. For the first Heiberg edition was a work of the highest 
order of critical scholarship, so that the present edition means 
that later discoveries have been drawn upon for the new ma- 
terial which is here given. 

It was four years after the publication of Volume I of the 
first Heiberg edition that Rose discovered the Latin translation 
of Archimedes made by the “notorious William Flemming,” 
as Roger Bacon designates William of Moerbecke, or Guilielmus 
Brabantinus, the chaplain to Clement IV. Cantor thought 
that Tartaglia (1543) took the translation of Archimedes, of 
which he so boastfully speaks, entirely from this work.* This 
manuscript dates from the thirteenth century, and was faith- 
fully made from a Greek codex older than any now extant. 
Its importance, therefore, in restoring lost or imperfect 
passages is quite apparent. 

The second noteworthy discovery which makes this edition 
necessary is the one made by Professor Heiberg in 1906, the 
Method of Archimedesf found in a manuscript of the tenth 
century in a monastery at Constantinople. Until the time of 
this discovery the work was known to the world only through 
brief extracts in the works of Heron and Suidas, and while 
it is now familiar through various publications,{ its great 
importance added to the necessity for this present edition.§ 
The manuscript is also important because it contains parts of 
the work on Floating Bodies (’Oxovpévwv) || of which no Greek 
copy had been supposed to be extant, and also certain passages 
from the Stomachion (Zrozéx:ov).§ Still more material from 
this manuscript is promised for Volume III. 


* Cantor, Geschichte, vol. II, p. 514. The question is, however, fully 
pe _——— Works of Archimedes, p. xxvii, in the Kliem 

tion, p 

ft De Mechanicis propositionibus ad Eratosthenem Methodus. 

t Hermes, 1907, vol. XLII, p. 235; Revue générale des Sciences, 1907; 
The Monist, vol. XIX, p. 202, 1909; and in pam 1 form by Sir Thomas 
Heath (1912) to accompany his work on Archim 

f vot II, pp. 426-507. 

|| Vol IL, 318-413. 

{ Vol. Il, pp. 416-424. 
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It is unnecessary to say that Professor Heiberg was the first 
to give a critical and modern study to the works of Archimedes, 
and that, with the exception of Sir Thomas Heath, there is no 
one now living who combines such a perfect knowledge of 
Greek, Latin, and the mathematics of the classical period. 

Davip Evcene Smita. 


Archimedes’ Werke. Mit modernen Bezeichnungen heraus- 
gegeben und mit einer Einleitung versehen von Sir Tomas 
L. Heata. Deutsch von Dr. Frrrz Kurem. Berlin, 1914. 
xii + 477 pp. 

As stated in the preceding review, there was abundant reason 
to justify Professor Heiberg in preparing a new edition of the 
works of Archimedes, and the same may of course be said con- 
cerning a work like that of Sir Thomas Heath. In the case 
of the latter’s well-known treatise the lack of reference to the 
Methodus in the first edition has been overcome in part by the 
publication* of a pamphlet giving an English translation from 
the original Greek text. There is, however, good reason for 
a second edition of the work by Sir Thomas Heath, and it is 
to be hoped that he will find time to supply this need. Mean- 
time the German edition by Dr. Kliem is most welcome. 
While the translator, in preparing this edition, has, in the 
main, followed the English text with fidelity, he has not hesi- 
tated to amplify it, with the author’s permission and assis- 
tance, so as to include all the recent discoveries, and to add a 
number of footnotes which are calculated to assist the student. 
Thus in Chapter I we have a reference to Férster’s article on 
Pheidias the astronomer, and some mention of the Stomachion 
as in the Heath supplement of 1912; in Chapter II, a reference 
to the codices used by Heiberg in his second edition, with 
information concerning the finding of the Codex rescriptus 
Metochii Constantinopolitani and the nature of the text, 
and reference to the recent literature on el-Biruni’s knowledge 
of the work of Archimedes on the circle; and in the following 
chapters the same policy has been pursued. 

In Chapter VII, for example, Dr. Kliem has amplified 
the treatment somewhat, particularly with reference (page 
149) to the new matter found in the Methodus. He has, 
however, omitted Chapter VIII, on the terminology of Archi- 
medes. This is perhaps justifiable from one point of view, 


* Cambridge, 1912. 
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but the chapter is a valuable one and the omission means a 
loss to German readers. 

The chief variation in the text of the works of Archimedes 
as given by Heath lies in the inclusion of the recently found 
Methodus and fragment of the Stomachion. The former will 
appear in volume III of the new Heiberg edition, and the 
latter is already in volume II. 

Dr. Kliem has done an excellent piece of work. The book 
is well printed, better indeed than the English edition, and 
it will bring to the German scholars a piece of work of the best 
scholar in England in the field of Greek mathematics. Re- 
viewers so commonly refer to the lack of an index that it 
seems almost hopeless to get publishers to realize the annoy- 
ance that is caused by the want of such a time-saving feature. 
In neither the English nor the German edition is an index 
given, although in a work of this kind, where a scholarly intro- 
duction contains many details to which a table of contents 
cannot refer, it would be of great value. 

Davin EvGENE SMITH. 


Geheimnisse der Rechenkiinstler. P. MAENNCHEN. Mathe- 
matische Bibliothek, Bd. XIII. Leipzig, B. G. Teubner, 
1913. iv+48 pp. Price, 80 Pfennige. 


Acatn have Drs. Lietzmann and Witting made all lovers 
of mathematics their debtors for an entertaining little volume 
in their new series of handbooks. They have set out to give 
to the world a series of popular essays on the non-technical 
phases of mathematics, and thus far they have been successful 
in showing to their readers the brighter side, sometimes the 
less serious side, but always an interesting side of the science. 
To this rule the recent monograph by Professor Maennchen 
is no exception. The very title is attractive, and the dialogue 
between the Publikum and the Rechenkiinstler, while very 
Teutonic, is cast in a pleasing style that keeps the reader’s 
interest throughout. 

The nature of the work can best be understood by a few 
quotations, but the interest of the reader will doubtless be 
fostered if the reviewer refrains from giving the explanations 
which Dr. Maennchen sets forth in the text. 

The Publikum asks for the cube root of a perfect cube.of five 
figures, whereupon the Rechenkiinstler asks for the last three 
figures and is told that they are ---683. He at once states 
that the cube root is 27. 
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The Publikum then asks for the.cube root of 45,118,016, 
and the Rechenkiinstler at once states that it is 356. When 
asked for the cube root of a perfect cube of seven figures he 
calls for the last three figures only, and upon being told that 
they are ---313 he at once says that the cube root must be 
217, although he is ignorant of the other figures. 

The Publikum then sets the problem to find the seventh root 
of a twelve-figure number, and is asked to state the last figure 
(in this case - --7) and then to give all the figures in any order 
it chooses (in this case given as 887621111107, although the 
whole number was really 271,818,611,107). The answer is at 
once given as 43. 

Among some of the more difficult problems worked out 
mentally, the method being stated in the text, are the fol- 
lowing: 

The fifth root of 11,576,155,017,345,132,257 is 6497. The 
eleventh root of a number of fifteen figures (952,809,757,913,- 
927) is given as 23, the computer being told the figures in any 
order whatever (in this case, 012235577789999). 

. The thirty-first root of a perfect power, the number having 
thirty-five places, is given as 13, the computer not being told 
even a single figure. The number is 34,059,943,367,449,284,- 
484,947,168,626,829,637. 

The second half of the book is devoted to the Easter problem, 
the famous Elberfeld horses, the multiplication methods of 
Ferrol (which are shown to be applications of processes known 
for many centuries), the relation of the properties of nine to 
the Fermat problem, and the further proposition of Fermat 
with respect to a?~. 

Davin EvuGENE SMITH. 


Konforme Abbildung einfach-zusammenhingender Bereiche. 
Von E. Stupy. Zweites Heft, herausgegeben unter Mit- 
wirkung von W. BiascHkE. Leipzig, B. G. Teubner, 1913. 
iv + 142 pp. 

Tuts is the second volume* of a series of lectures on geom- 
etric topics by Study and deals with the conformal transforma- 
tion of singly connected domains, a subject which, after a long 
period of stagnation, has in recent years received the attention 
of a number of investigators. In the center of these researches 
stands the possibility of the conformal mapping of a given 


* See review of vol. 1, in this BULLETIN, vol. 19, pp. 15-18. 
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singly connected domain upon a circle, which was definitely 
proved almost simultaneously by Poincaré* and Koebef in 
1907. After the definition of a singly connected domain and 
its different types we find in §§ 1-4 chiefly a reproduction of 
Koebe’s investigations leading to the principal theorem. This 
is followed by a detailed discussion of the intricate problems 
which arise in connection with the mapping of the points on 
the boundary of the domain (§§ 5-8). The reader of this 
portion of the book is expected to be equipped with a fair 
knowledge of function theory and is repeatedly referred to 
Osgood’s “Lehrbuch,” whose second edition appeared while 
the book under review was in press. The results obtained 
by Koebe are presented by Blaschke. In case the boundaries 
of the domain are Jordan curves there are still some dif- 
ficulties in the way, and to overcome these, the authors, on 
page 65, introduce the hypothesis that the map of a radius of 
the circle K, which is conformally mapped upon the domain 
B, is an analytic single curve in B terminating in a “ Kern- 
menge” © 

They hope, however, that the problems concerning the 
boundary points which only a short time ago were considered 
as almost unapprvachable will soon find their complete solution, 
and also that a simpler method for these theories may be 
established. 

In the second part, §§ 9-16, the problem of conformal 
mapping of a circle upon a convex domain is solved and the 
well known formula found by Christoffel and H. A. Schwarz 
is generalized. The treatment is, as may be expected, very 
rigorous and includes the “two-side” and “one-side” as im- 
proper polygons. 

Instead of starting with the formula 


as given in advance, we should prefer its derivation by the 
beautiful method in Darboux’s Théorie générale des Surfaces.t 
Here the converse problem is solved, to map a given polygon 
upon a circle, or upon the upper half-plane. 


* Acta Mathematica, vol. 31, pp. 1-63, printed on March 19, 1907. 
+ Gott. Nachr., May 11, 1907, pp. 175-210; Nov. 23, 1907, pp. 633-669. 
t Vol. 1, pp. 170-192. 
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Making use of the angle © which the “support” (Stiitze) 
of a polygon makes with a fixed directed line and which may 
be defined as a function (Stiitzwinkelfunktion) of the param- 
eter 3 in the parametric representation 


f= 


and the unit circle and Stieltjes’ integrals, §§ 11-12, the 
mapping process is extended to simple convex domains in an 
original manner (§§ 13-14). 

Theorem 7, page 66, which is based upon the hypothesis made 
on the previous page is rigorously proved in § 15 by means of 
Koebe’s famous “Verzerrungssatz” (theorem of distortion). 
In conclusion references to some applications of Koebe’s 
theorem and continuity method are given. We merely men- 
tion the interesting theorem: Every singly sheeted domain of 
the plane with n-fold connectivity can always be mapped con- 
formally upon another singly sheeted domain-whose boundary 
consists of n rectilinear cuts of given directions. 

Many a reader would have probably greatly appreciated a 
fuller treatment of Koebe’s methods and results indicated at 
the end of this section, and would certainly welcome another 
volume on these more advanced subjects together with the 
results quite recently obtained by Plemelj, Carathéodory, 
Osgood, and others. 

As a most valuable feature of the book I mention the 
interesting examples worked out in the last section. 

ARNOLD Emcu. 


NOTES 


Tue April number (volume 36, number 2) of the American 
Journal of Mathematics contains the following papers: “ Iter- 
ated limits in general analysis,” by R. E. Root; “Simply 
transitive primitive groups whose maximal subgroup contains 
a transitive constituent of order p*, or pq, or a transitive 
constituent of degree 5,” by Miss E. R. Bennett; “An 
extension of Green’s theorem,” by Miss I. Barney; “On the 
asymptotic solutions of linear differential equations,’ by 
C. E. Love; “Restricted systems of equations,” by A. B. 
Cos.E; “The canonical types of nets of modular conics,” by 
A. H. Witson; “On long waves,” by J. H. M. WEDDERBURN. 
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UnpeEr the auspices of the Edinburgh mathematical society, 
a mathematical colloquium will be held at the University of 
Edinburgh July 28-31, immediately following the Napier 
tercentenary celebration. The following courses have been 
arranged: By M. p’OcaGne: two lectures on “ Nomography”; 
by H. W. Ricumonp: four lectures on “Infinity in geometry”; 
by E. Cunnineuam: four lectures on “Critical studies of 
modern electric theories”; by E. T. WartTaKER: two lectures 
on “The solution of algebraic and transcendental equations 
in the mathematical laboratory.” 


CotumsBia University. The following advanced courses 
in mathematics are announced for the summer session, July 6 
to August 14. All courses are five hours a week. By Pro- 
fessor C. J. Keyser: History and significance of central 
mathematical concepts; Modern theories in geometry.—By 
Professor JAMES Mac tay: Theory of functions of a real 
variable; Theory of functions of a complex variable.—By Pro- 
fessor W. B. Fire: Differential equations; Higher algebra. 


Tue following courses in mathematics are announced for 
the academic year 1914-1915. 


CotumBiA UNtversity.—By Professor C. J. Krysrr: 
Philosophy of mathematics, three hours.—By Professor T. S. 
Fiske: Theory of point sets, three hours, second half-year.— 
By Professor F. N. Cote: Algebra, four hours.—By Professor 
JAMES Mactay: Theory of functions, four hours.-By Pro- 
fessor Epwarp Kasnenr: Integral equations, two hours, second 
half-year; Seminar in differential geometry, two hours.—By 
Professor W. B. Frre: Calculus of variations, three hours, first 
half-year.—By Professor H. E. Hawkes: Differential geometry 
of curves, three hours, first half-year—By Professor C. C. 
GrovE: Mathematical theory of statistics, three hours, first 
half-year. 


CoRNELL UNIversity.—By Professor J. McMauon: Theory 
of probabilities, three hours.—By Professor J. I. HuTcHINson: 
Elliptic functions, two hours.—By Professor V. SnyDER: De- 
scriptive geometry (first term), three hours; Algebra (second 
term), three hours.—By Professor F. R. SHarpe: Fourier 
series and spherical harmonics, three hours.—By Professor 
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W. B. Carver: Analytic and projective geometry, three 
hours.—By Professor A. Ranum; Line geometry (first term), 
three hours.—By Professor D. C. Griespre: Calculus of 
variations, two hours.—By Dr. F. W. Owens: Mechanics, 
three hours.—By Dr. J. V. McKetvey: Advanced calculus, 
three hours.—By Dr. L. L. Sttverman: Infinite series (first 
term), three hours.—By Dr. W. A. Hurwirz: Partial differen- 
tial equations of mathematical physics, two hours.—By Dr. 
R. W. Burcess: Differential equations, two hours.—By Dr. 
J. SLEPIAN: Theory of functions, three hours. 


Harvarp University.—All courses meet three times a 
week throughout the year except those marked *, which meet 
for half a year.—By Professor W. F. Oscoon: Infinite series 
and products*; Introduction to potential functions and La- 
place’s equation*; Galois theory of equations.*—By Professor 
M. Bocuer: Analytic theory of heat; Fourier series and 
Legendre polynomials*; Linear differential and integral equa- 
tions—By Professor C. L. Bouton: Advanced calculus; 
Elementary differential equations*; Geometrical transforma- 
tions, with special reference to the work of Sophus Lie.—By 
Professor J. L. Cootmpce: Geometry of the circle; Introduc- 
tion to modern geometry and modern algebra (with Dr. 
GREEN).—By Professor E. V. Huntineton: Fundamental 
concepts of mathematics*.—By Professor G. D. BrrkHorr: 
Advanced dynamics; Calculus of variations*.—By Dr. D. 
Jackson: Theory of functions; Definite integrals*.—By Dr. 
G. M. Green: Differential geometry of curves and surfaces*; 
Projective differential geometry*. 

Professors Bouton and Birkhoff will conduct a fortnightly 
seminar in analysis. 

Courses of research are also offered by Professor Osgood in 
the theory of functions; by Professor Bécher in analysis and 
algebra; by Professor Bouton in the theory of point trans- 
formations; by Professor Coolidge in geometry; by. Professor 
Birkhoff in the theory of differential equations; by Dr. 
Jackson in the theory of functions of real variables. 


PrinceETON UNtversity.—By Professor H. B. Fine: 
Algebra, three hours.—By Professor L. P. EIsENHART: 
Differential geometry, three hours; Mechanics, three hours. 
—By Professor O. VEBLEN: Projective geometry, I, three 
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hours; Projective geometry, II, three hours.—By Professor 
Boutroux: Differential equations and advanced calculus, 
three hours; Higher analysis, three hours.—By Professor 
H. T. Gronwat: Integral equations, three hours.—By 
Professor E. P. Apams: Hydrodynamics, three hours. 


Dr. O. Haupt has been appointed docent in mathematics 
at the technical school of Carlsruhe. 


Dr. S. JANISEWSKI has been appointed docent in mathe- 
matics at the University of Lemberg. 


Mr. C. S. Darwin has been appointed mathematical lec- 
turer at Christ’s College, Cambridge. 


Proressor E. B. VAN ViEcxK delivered a public lecture on 
March 31 at the Paris Ecole Normale Supérieure on “The 
influence of Fourier’s series upon the development of mathe- 
matics.” 


At the invitation of the University of Rome, Professor 
Epwarp Kasner delivered a lecture on March 14 “Sulla 
geometria della rappresentazione conforme.” The lecture 
will be published in the Lincet Rendiconti. 


At the University of Arizona, Professor L. L. Dives has 
been promoted to a full professorship of mathematics. 


Proressor P. L. SAUREL, of the College of the City of New 
York, has been promoted to a full professorship of mathe- 
matics. 


Dr. ANNA J. PELL, of Mount Holyoke College, has been 
promoted to an associate professorship of mathematics. 


Dr. C. E. Brooks has been appointed associate professor of 
mathematics and insurance at the University of California. 


At the University of Texas, Dr. E. L. Dopp has been pro- 
moted to an adjunct professorship of actuarial mathematics. 


At Harvard University, Dr. C. L. Bouton has been pro- 
moted from an assistant professorship to an associate pro- 
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fessorship of mathematics. Dr. G. M. Green has been 
appointed instructor in mathematics. 


At Princeton University, Dr. T. H. Gronwa.u has been 
promoted to an assistant professorship of mathematics. The 
notice in the May BuLuetin concerning Professor Gronwall 
was due to an editorial error. 


Dr. R. W. Burcess and Dr. J. SLEPrAN have been appointed 
instructors in mathematics at Cornell University. 


Dr. C. G. P. Kuscuxe has been appointed instructor in 
mathematics in the University of Washington. 


Proressor G. L. Brown, of the South Dakota State Col- 
lege, has been made acting president of the College. Mr. 
C. N. Mitts has been appointed acting professor of mathe- 
matics. 


Mr. L. S. Hitt has been appointed assistant professor of 
mathematics in the University of Montana. 


Dr. G. W. Gan has been appointed instructor in mathe- 
matics in Washington and Jefferson College. 


Dr. H. C. Gossarp has been appointed instructor in mathe- 
matics in the University of Oklahoma. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


a (R. pv’). Henri Poincaré. Paris, Blond et Gay, 1914. 16mo. 

64 pp. Fr. 0.60 

Bet (R. J. T.). An elementary treatise on coordinate geometry of three 

dimensions. New edition. New York, Macmillan, 1914. 8vo. “3 
381 pp. Cloth. $2.7, 


Bernays (P.). Zur elementaren Theorie der Landauschen eaten 
g(a). (Habilitation.) Ziirich,1913. 8vo. 38 pp. 

Brert (H.). Ueber die unvollstandige Gammafunktion. (Diss.) Bern, 
1912. 8vo. 45 pp. 


Bovurrovux (P.). Les principes de l’analyse mathématique. Exposé his- 
torique et critique. Tome 1: Les nombres, les grandeurs, les figures, 
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le calcul combinatoire, le calcul algébrique, calcul des fonctions, 
Palgébre géométrique. Paris, Hermann, 1914. 8vo. 


Bicuer, Neue, iiber Naturwissenschaften und Mathematik. nas N euig- 
keiten des deutschen Buchhandels, nach Wissenschaften geordnet.) 
Mitgeteilt Winter 1913/14. Leipzig, Hinrichs, 1913. 8vo. Pp. 
75-102. M. 0.30 


CamPBELL (D.F.). The elements of the differential and integral calculus. 
New reprint. New York, Macmillan, 1912. 12mo. 362 pp. Fa 


Co.ioquium, The Madison. Colloquium lectures, volume IV. Delivered 
before the colloquium of the —— Mathematical Society at the 
University of Wisconsin, 1913. I: On invariants and the theory of 
numbers, by L. E. Dickson. II: Topi in the theory of functions of 
several complex variables, by W. F. Osgood. New York, American 
Mathematical Society, 1914. 8vo. 94250 pp. $2.00 


Corriwore (F.). Considerazioni intorno al calcolo delle prébabilita, 
con riguardo alla media. Roma, Manuzio, 1913. 8vo. 20 pp. 


——. Degli errori di osservazione e del termine centrale. Roma, Mae 
nuzio, 1913. 8vo. 86 pp. 


Coururat (L.). The algebra of logic. ee English translation 
by L. G. Robinson, with a preface by P. E. B. Jourdain. Chicago, 
Open Court Co., 1914. 8vo. 14+98 pp. Cloth. $1.50 


Dickson (L. E.). See Cottoquium. 


Ever (L.). Opera omnia. Series I: Opera mathematica. XII: In- 
stitutiones calculi integralis. Ediderunt F. Engel et L. Schlesinger. 
Volumen 2. Adjectae sunt Laurentii Mascheronii adnotationes ad 
calculum integralem Euleri. Leipzig, Teubner, 1914. 8vo. ant 
542 pp. M. 28.00 


Ferrari (A.). Sopra una proprieta delle bisettrici interne di un triangolo, 
Torino, Negro, 1913. 8vo. 16 pp. 


Fiuiast (G.). Appunti di fisica e metafisica, intorno ad alcune odierne 
vedute sulla costituzione della materia e sulla interpretazione dei 
fenomeni naturali; le matematiche transcendentali e la conoscenza 
delle cose; gli —) metageometrici e l’evoluzione degli esseri viventi; 
la natura e la ita. Parte I: le intuizioni. Napoli, Pierro, 1913. 
8vo. 23+215 pp. L. 3.00 


Fiscner (A.). Ueber eine zyklische Flache vierter Ordnung. (Diss.) 
Bern, 1913. 8vo. 22 pp. 

Haervusster (J. W.). Irrationale Auflésung der Fermatschen Gleichung 
durch eine unendliche Reihe rationaler Glieder. Berlin, Krayn, 1913. 
Svo. 15 pp. M. 0.75 


Hoerer (H.). Die Integration des zweiten Gliedes in linearen Differen- 
tialgleichungen mit konstanten Koeffizienten. (Progr.) Stettin, 
1913. 4to. 15 pp. 


Horstetrer (P. Die Bernoullische Funktion und die Gammafunktion, 
Eine Vergl die. (Diss.) Bern,1912. 8vo. 76 pp. 


Kee.norr (F.). Eléments d’intégration graphique. Paris, Gauthier- 
Villars, 1914. 29 pp. Fr. 1.00 


| 
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KeEwneELLy (A. E.). Complex hyperbolic and circular functions. Volume 
1: Tables. Cambridge, Mass., Harvard University, 1914. 8vo. 211 
pp. Cloth. $3.00 

sy (E.). Ueber die Nullstellen Dirichletschen Reihen. Berlin, 1913. 

vo. 


ManveEt du baccalauréat. 2e partie: Mathématiques. 4eédition. P, 
Vuibert, 1914. 16 mo. 139 pp. 


Mavrer (H.). Richtige elementare Lésung des Fermatschen ——. 
Zirich, Fiissli, 1914. 15 pp. M. 0.80 


Mev. (M.). Untersuchungen tiber die Darstellung der Merten’schen 
wee in Determinantenform. (Diss.) Bern, 1912. 8vo. 53 


F.). See Cotzoquium. 


Pascau (E.). I miei integrafi per equazioni differenziali. 
lerano, 1914. 16mo. 6+137 pp. 


Ueber berithrende Kegelschnitte. (Progr.) 
vO. pp. 


Pe.zner (H.). Ueber involutorische Raumverwandtschaften und solche 
Transformationen bei denen den Ebenen des einen Raumes Flaichen 
4ter Ordnung mit einem Doppelkegelschnitt entsprechen. (Diss.) 
Miinchen, 1913. 8vo. 61 pp. 

Porncaré (H.). Derniéres pensées: L’ et le temps urquoi 
a 3 dimensions; logique de l’infini; rapport de la et de 

éther; etc. Paris, 1913. 8vo. 259 pp. Fr. 3. 

—. Letzte Gedanken. Uebersetzt von K. Lichtenecker. Leipzig, 
Akademisches Verlagsgesellschaft, 1913. Svo. 7+261 pp. M. 5.50 

Priester (H.). Ueber Kettenbriiche und einige arithmetische Reihen 
héherer Ordnung. (Progr.) Langenberg, 1913. 4to. 22 pp. 

Rapon (J.). Theorie und Anwendungen der absolut additiven Mengen- 
funktionen. Wien, 1913. 8vo. 144 pp. 


Ruceri (C.). Curiosit4 e sofismi matematici. Milano, 1913. 
16mo. 58 pp. L. 0.20 


Satomon (C.). Questions inédites de magie arithmétique polygonale. 
Paris, Gauthier-Villars, 1913. 8vo. 22 pp. Vr. 1.50 

Scuréper (H.). Die Zentralflichen der Paraboloide und Mittelpunkts- 
flachen zweiten Grades. (Diss.). Halle, 1913. 8vo. 72 pp. 

Srecmunp (G.). Zyklische Kollineationen. (Progr.) Wien, 1913. 8vo. 
44 pp. 

Smets (K.). Anwendung der elliptischen Funktionen auf die Theorie der 
Wellengeschwindigkeitsfliche. (Diss.) Dresden, 1913. 8vo. 73 pp. 

SrenpER (E.). Anwendungen der Besselschen Funktionen. (Diss.) 
Bern, 1912. 8vo. 79 pp. 

Spunar (V.M.). On Pythagorean numbers and on Fermat’s last theorem. 
Chicago, University of Chicago, 1913. 8vo. 16 pp. $0.25 


Witpuaber (P. U.). Zur projektiven Dreiecksgeometrie in spharischen 
Koordinaten. (Diss.) Freiburg, Schweiz, 1912. 8vo. 61 pp 
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Il. ELEMENTARY MATHEMATICS. 
ALLIAUME (M.). ms de a lane et sphérique. Louvain, 
Uystpruyst, 1913. 245 pp. wecrcned Fr. 5.50 
Arxinson (E. H. of practical ‘solid eometry. 2d 
edition, revised by B. R. Ward. New impression. mdon, Spon, 
1913. 8vo. 134 pp. 7s. 6d. 


Barpey (E.). Aufgabensamml fir Arithmetik, Algebra und Analysis. 
Reformausgabe A. 2ter Teil. Leipzig, Teubner, 1914. 8vo. et 
170 pp. Cloth. M. 2 


——._ Aufgabensammlung fir Arithmetik, Algebra und Analysis. i 
die héheren Madchenbildungsanstalten. iter Teil. Leipzig, 
ner, 1914. 8vo. 6+210 pp. Cloth. M. 2 


Brevusinc. Logarithmen des Semiversus. Zusammengestellt und a 
rausgegeben von E. Schilling. Leipzig, Hensius, "1913. 8vo. Pp. 
81-132. M. 1.50 

Brown (J. C.) and Corrman (L. D.). How to teach arithmetic. (New 
education series.) Chicago, Peterson, 1914. 12mo. 373 pp. er 
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